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Abstract—In the advance time, Bessel's function plays an important role in many engineering and
scientific problems, including equations such as the wave equation, heat equation, Laplace equation,
Helmholtz equation, and Schrodinger equation in spherical or cylindrical coordinates. In this paper,
author presents Iman transform of Bessel's functions with application for evaluating definite integrals,
and exploring its applications and providing examples of problems involving Bessel's functions for
integral calculation, thereby minimizing computational efforts.
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1. Introduction

Recently, integral transforms such as Laplace transform [1,2], Elzaki transform [3,4], Kamal
transform [5,6], Mahgoub transform [7], Shehu transform [8], Sawi transform [9], See transform [1],
Abaoub Skhem transform [9] ect, have played a crucial role in solving advanced problems in fields
such as mathematics, physics, chemistry, social science, biology, nuclear science, and engineering
[10]. These transforms are particularly useful for addressing complex challenges like differential
equations, and population dynamics.

Similarly, the widespread use of integral transform methods continues to prove valuable in solving
various engineering and scientific problems. Bessel's functions are widely applied in solving
problems across various fields, including mathematical physics, acoustics, engineering, and sciences
like heat transfer, fluid mechanics, vibrations, stress analysis, hydrodynamics, and flux distribution
in nuclear reactors, among other.

The purpose of this study is to determine the Iman transform of Bessel's function of the first kind
of orders zero, one, and two and to demonstrate the advantages of using the Iman transform in
evaluating integrals that involve Bessel's function.

2. Preliminaries

In this section, the definitions of the Iman transform are recalled, along with its fundamental
properties.

Definition 1 (Iman transform)

Iff(#) € F,t > 0 then Iman transform of f (¢) is defined as [2]:
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K@y = [ e™ f(©)dt = K@),v> 0 (1)

where [ is called the Iman transform operator.

Properties of Iman transform
(i) Change of scale
IfI{f ()} = K(v),then I{f(at)} = aK(av),where ais arbitrary constant.

Proof: By the definition of Iman transform, we have

I} = = [ e f(b) dt, then

I{f(an} = = [ e f(at) dt

put at = p = adt = dp in above equation, we have

Ifany = [ e™a f(p) dp

@y = | s o a| - 24(3)

Va

thus, if I{ £ (1)} = K(v), then I{f(at)} == k(%)

(ii) Linearity property
IfI{f(f)} = K(v) and I{g ()} = H(v) we have

Haf ()+bg ()} = al{ f()}+bl { g (1)}
Then  I{af (t)+bg ()} = aK(v) + bH(v)
Where a,b are arbitrary constants.

Proof: By the definition of Iman transform, we have

Iy = 5[ e f(0) de
I{af (5y+bg () = = [, ™" [af (t) + bg (©)] dt

=a[ = [ e f()dt] + b[ [, e g(t) dt]
Then
Iaf (t)+bg (0} = al{f ()} +b {g (1)}

and
Haf (H)+bg ()} = aK(v) + bH (v)

Where a,b are arbitrary constants.
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Definition 2: Iman transform of the derivatives of the function f(?) [ 3-4]
Let K (v) be Iman transform of [ 7{f'(¢)} = K(v) ], then
d 1
o 1{ZL9 = v kW) - 27 0)
d2f (t 1
b {2 =vt K@) - £(0) ==/ (0)
daf (t
0 18 = 2 K0) - BBt 90

Definition 3: Convolution of two functions

The convolution of two functions f(¢) and g (¢) is represented as f'(¢) * g (¢) and is defined by:
t
SOxg@)=f*g=[ ft) g(x—1t)dt
t
=Jo 9@® f(x—1t)dt

Theorem 1: Convolution theorem for Iman transforms
If I{f(9)} = Ky(v) and I{g(¢)} = K,(v), then
I{f()xg O} = vI{f(0)} * [{g (1)} = v’ K1 (v) . K, (v)

Proof: By the definition of Iman transform, we have
O} = = f e f(©) dt
HfOxg®}= % f; e [f(0) * g(®) ]dt
From the definition of convolution of two functions, we obtain
Hf@0*g @} = = [ e [ [, f(x) g(t - x) 1dt
Changing the order of integration gives
@ *xgO} = =[5 F@) [ e™ g(t — x)dt |dx
put t —x = u so that df = du in above equation, we have
@@} = %[5 @) L[ e™ 0 g(u)du Jdx
I+ g (0} = = [, F)e™ [ [ e " g(u)du Jdx
Kf@*g®} = [ fO)e™* [1{g(®)}]dx
@) g} = v gy e ™ f(x) dx]
IO *g O} = IO} {g(D)} = v*K; (v) . K> (v)
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Table .1. Iman transform of some elementary functions [2]

SN Function, f'(¢) Hf@} =Kw)
1
1 1 —
v
1
2 t —
v
3 t",n €N n_'
pinta
U2n+4
5 eat 1 .
v4—av
6 e—at 1 _
pi+av
_ a
7 sin (at) W
g 1
cos (at) i
. a
9 sinh (at) W
10 h !
cosh (at) i

Definition 4: Inverse Iman transform

IfI{ f ()} = K(v) then f(¢) is called the inverse Iman transform of K(v) and mathematically it is
denoted by

f@O ="' {K()}

Where the operator I~! is the inverse of Iman transform.
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Table .2. Inverse Iman transform of Some elementary functions [4, 5]

S.N K(v) f(@) =1"1 {K(v)}
1 o 1
1
2 o6 t
1
3 W ,n n! t"
1
4 M > —1 'm+1) t",n >-1
1
at
S pi— av’ €
1
-at
6 p4t+av? €
. 1 sin (at)
vz(v4 + az) T a
1
] (MTZ) cos (at)
1 sinh(at)
? v (vt- @) a
1
10 m cosh (at)

Theorem 2: Bessel's functions of first kind different order [ 8-9]

Bessel's function of order n, where n € N is given by [, (t)

_ ot [1_ t2 " t* _ t6 +__] )

~ 2np 2.2n+2) | 242nt2)(2ntd) | 246.(2n+2)(2nt4)2nt6) |

Where n = 0, we have Bessel's function of zero order and it denoted by J,(t) and it is given by

t* t6
2242 224262

Jo®)=1-5+ o 3)

And when n =1, we have Bessel's function of order one, it is given by

t t3 ts t7

L) =5—53+ + (4)

2 234 22 .42 22,42, 62 8

Another form of equation (3) can be written as

_t t3 t5 t’ 5
O = -t s o Taa T ©)

For n =2, Bessel's function of order two, it is given by

t? t4 to t8 6
J2(t) = 24 2as  Zares 2 arersio (6)
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Definition 5: Relation between J,(t) and J;(t) [8]

= Jo(O] = = 1 (8) (7)
Definition 6: Relation between J,(t) and J,(t) [9]

J2(6) = Jo(®) +2]"(t) ®)

Theorem 3: Iman transform of Bessel's functions of first kind

(i) Iman transform of J(t)

Applying Iman transform of equation (3), both sides, we have:

o] = 1[1] =3 I[t*] +

1 1 2! 1 4! 1 6!

1
2247

Il
I
—_—
Uy
I
I
I
I
_|_
e

1 1,1 31, 1., 531, 1.3
w 172G 4 G — o G 4]

1

1 1, -—=
S A+ )

. 1
e ©)

(ij) Iman transform of J,(t)

From (7), we have [ Jo(£)] = = J1(t) then
LA = =12 [o(®)]
= —[ZJ0(0) +v*I [Jo(D)]]
= =Jo(0) = v*I [Jo(®)]]

_l__r
_vz [1 W] (10)

(iiij) Iman transform of J,(t)

Taking Iman transform of equation (8), both sides, we get

IO =1TJo(0)] + 21 [J"o(D)]
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= ——— +2[v* [[Jo()] — = J'0(0) + o (0)]

3 1+v4
1 v?
- +2 ~0-1
viV1+v4 [v2 1+v4 ]

__ 1, )
vi1+vt  Vit+v?

_1+2v% - 20 1+vt

v2:V1+v? (1)
(iv) Iman transform of J,(at)
. _ 1
Since I1]Jo(®)] = N ey
Now, using change of scale property of Iman transform, we have:
1 1
[Jo(a)] = 5 [—F—=1
NCOREICOL
1 1
= o] —— 12
UZ[ W] ( )
(v)Iman transform of J;(at)
. 1 v?
Since IUl (t)] = ? [1 - ﬁ]
Then  I[,(t)] = = [ —l1— ol 1]
2 a? (\/LH)ZL \/T\/%)‘*
1 1
= — — 1
[avz a3«/a2+v4] (13)
(vi) Iman transform of J,(at)
. 14207 - 20 1+v?
Since I[J,()] = T
1 2”—2 - 2"—;/ Zpt
Then  I[Jy(at)] = 5[ —a 2t ™
a aVat+v?
1 a’+2av* - 2v%/ a®+v*
= 14
a*v? [ J a?+v* ] (14)

Theorem 4: First shifting Theorem for Iman transform

Let I[f(t)] = K(v) and a € R ,then
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I[e“f(®]=(1-Z)k(v|1—=)
Proof: From definition of a new integral transform, we have
I[e®f(O)] = = [, e f(t) e

N —[v*-a]t

= [, f®e -t at

—(v|1-2)%t

=(1==)k(v|1~-=)

3. Numerical Applications

Application 1: Evaluate the integral
E() = Jy Jo ) Jo(t ~ wdu
Taking Iman transform to both sides of equation (16), we have
HE@®)} = I{f; Jo (W) Jo(t = wydu}
Applying convolution theorem of Iman transform on (17), we have
HE®)} =v* I{Jo(O)} I{Jo()}
il

viV1+ vt
1

p2(1+v?)

1
i1+ vt

|

Now operating inverse Iman transform on both side on (18), we have

E(t)= I U2(11+v4) } = sin(t)

Which is the exact solution needed for (16).

Application 2: Evaluate the integral
t
E@) = [, Jo it — wdu
Taking Iman transform to both sides of equation (20), we have

t
KE®)} = I{f; Jo W) J1(t — wdu}
Using convolution theorem of Iman transform on (21), we have

HE®)} =v* I{Jo(O} {1 ()}

(15)

(16)

17)

(18)

(19)

(20)

1)
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_ .2 1 1 _ v
_v[vz 1+v4][ vz][l W]

_ 1 1
Bl vi/(1+vY) 1+vt (22)

Take inverse to both sides on (22), we get

O T A o)
= Jo(£) — cos (t) (23)

The exact solution of (20) that is required.
Example 1. Evaluate the integral

E®) = [, 1(t— wdu (24)

Applying the Iman transform on both sides of equation (24), we have

t
HE®)} = H{f; 1t — wdu} (25)
Using convolution theorem of Iman transform on (25), we have

HE@®)} = v* {1} - 1{J1()}

vZ

= [ 5[1- =]

1 1

v vi1+ v4]

(26)

Now taking inverse Iman transform on both sides on (26), we have

1

50 = 17 {5} - 7 s |

=1 — Jo(t) 27)
Which is the required solution of equation (24).

Conclusion

In this work, the Iman transform is employed to solve Bessel functions of the first kind of orders
zero, one, and two, denoted as J,(t), J1(t), J2(t), Jo(at), Ji(at),and J,(at). Additionally, they
obtained the Iman transform for expressions involving these functions, such as e*J,(t),
ekt (t), e*t],(t), using the translation and scaling properties of the Iman transform. These findings
are significant for the evaluation of improper integrals that include Bessel functions in the integrand.
Additionally, we explore several properties and theorems related to the Iman transform, we applied
this transform to three different examples. The results of this study may also be useful in future
research for solving Bessel's equations.
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