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Abstract— The reliable way of exploring rings with involution, briefly *-rings, is to think about
them within the category of *-rings with morphisms preserving involution. The main objective of
this study is to address a new concept of generalized * — McCoy * —rings and establish some of its
basic properties and characterizations. Some examples and theorems are presented to explain this
concept.
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1. Introduction

By a ring, researchers always mean an associative ring with identity. A ring R is said to be *
—ring if on R there is a defined involution *. * —rings are objects of the category of rings with
involution with morphisms also preserving involution. Therefore, the consistent way of
investigating * —rings is to study them within this category as reported by a series of studies [1-7].

According to Nielsen [8], a ring R is said to be a right McCoy ring when the equation
f(x)g(x) = 0, where f(x),g(x) € R[x]/{0}, implies that there exists a nonzero element c € R
such that f (x)c = 0. The definition of a left McCoy ring is similar. If R is both a left and a right
McCoy ring, then R is called a McCoy ring.

Recall that a ring R is called a reduced ring if it has no nonzero nilpotent elements. It is well
known that if R is a reduced ring, then the following condition holds: ab = 0 implies ba = 0, for
all a,b € R, clearly reduced and commutative rings are McCoy rings [9,10]. A ring R is called
Armendariz if whenever polynomials f(x) = ag + a;x+...+ a,x",g(x) =by +
bix +...+ by,x™ € R[X] satisfy f(x)g(x) = 0, then a;b; = 0 for each i,j. It is easy to see that all
Armendariz rings are McCoy rings by definition.

Another generalization of a reduced * —ring is a * —Armendariz * —ring. A * —ring R is said to
be a * —Armendariz * —ring if, whenever polynomials f(x) = ag + a;x + -+ + ap,x™, g(x) = by +
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byx + -+ +bpx" € R[x] satisfy f(x)g(x) = f(x)g"(x) = 0, then ajb; = 0 (consequently ajb; = 0)

for each i, j.

Throughout this paper, M,,(R) will denote the full matrix ring of all n X n matrices over the
ring R, while T(R) (T,g(R)) will denote the n X n upper triangular matrix ring (with equal diagonal
elements) over R. Moreover, for a commutative ring R, the involution ¢ defined on T,g(R) forn >
2 is given by replacing each entry with its involutive image and fixing the two diagonals,
considering the right upper diagonal = left lower diagonal as symmetric ones and interchanging the
symmetric elements about it. For n = 2 (trivial extension T(R, R), the involution ¢ is the adjoint
involution [11].

This study aims to introduce the notion of McCoy with involution, which generalize reduced
McCoy and * —Armendariz. Moreover, this research explores the algebraic properties of these *
—rings and their relationships with many other * —rings which have been studied previously.

2. * —McCoy * —Rings
This section introduces McCoy's condition for * —rings. If R is a * —ring, then the
involution * can naturally be extended to R[X] as:

(fx) = (Zhpax') =¥t aix’ forall f(x) € R[x]

Definition: A * —ring R is called a * —McCoy if whenever the polynomials
f(x) = ag + a;x+...+apx™ and g(x) = by + bix+...+b,x" € R[x] \ {0} satisfy f(x)g(x) =
f(x)g"(x) = 0, then f(x)r = tg(x) = 0 forsome 0 # r,t € R (consequently g*(x)t = 0).

Since each McCoy * —ring is * — McCoy and each * —Armendariz is * — McCoy * —ring, but
the converse is not true as shown by the following examples:

Example 1. According to [12], the ring R = T,(F), for some filed F, is neither left nor
right McCoy. While R is * —McCoy (* —Armendariz) with involution *: R — R defined

as (3 E)* = (8 _ab) [13 Example 4].

Example 2. The * —ring T4g(R) is a McCoy [12, Lemma 2.1] and so * —MaCoy. Moreover,
T,4e(R) is not * —Armendariz [11, Example 5].

The question when a *-McCoy *-ring is McCoy has a partial answer in Proposition 1, where [11,
Lemma 1] is needed, the question can be easily proved.

Lemma 1. [11, Lemma 1] Let R be a reduced * —ring and f,g € R[x] with f(x) = Y a;x' and
g(x) =20 bjxj. Then f(gg") = f(gg")" = 0 if and only if ajbjby_,5 = 0 forall 0 < i,j =
kj<k<m+n

Proposition 1. Let R be a ¥ —McCoy * —ring with proper involution, then R is McCoy.

Proof. Let f(x)g(x) = 0 for some f(x),g(x) € R[x]. Then 0 = f(gg") = f(gg")" implies a;cy =

0, since R * —McCoy and ¢, = Y&, rby_;. Hence Z%;OZ};O ai(rbl*(_(i +]-)) and consequently
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airbl*(_(iﬂ-) = 0. Now (ajr)(ajr)* = ajrr*aj = 0. Since * is proper then a;r = 0, which implies
m,airx! = f(x)r = 0, this means that R is McCoy.
Given that a reduced *-ring is McCoy [14], the following can be stated:

Proposition 2. Each reduced * —ring is * — McCoy. The converse of the previous proposition is not
true as shown by the following example:

g g), with adjoint involution * defined by:

(a b) = (C _ab) is * —Armendariz, thus R a * —McCoy. Moreover, R is not reduced

0 c 0
) ) 0 1 ) 2
since the nonzero matrix A = ( 0 O) satisfies A = 0.

Example 3. The *-ringR = (

3. Matrix * —rings over * —McCoy * —rings

This section will shed light on the extension of McCoy property for a * —subring of the * —ring
of upper triangular matrices. For the ¢ —ring T;5(R), of upper triangular n X n matrices over a *
—ring R, it can be extended the involution ¢ of R for T3g(R), This involution will be considered
here and in the next proposition.

Proposition 3. A * —ring R is * —McCoy if and only if the ¢ —ring T;g(R) is ¢ —McCoy.

Proof

= Let f(x), g(x) € Tzg(R)[x] such that
ai by ¢ aj by g

fx) =¥m, <0 a; di> x,g(x) =Y,| 0 aj dj), where
0 0 a 0 0 aj

fo(x) = XiZo aiXi'f1(X) = Yizo biXi,fz(X) = Yizo CiXi, fs(x) = X% diXi’go(X) =
Yimoaix) ,81(x) = XiLobj ¥, g2(x) = XjLo ¢ ¥, 85(x) = XjLodj ¥
Assume that f(x)g(x) = f(x)g’(x) = 0, and f(x),g(x) # 0.

CASE 1. If f3(x) # 0,g0(x) # 0, then h;;(x) = f(X)go(x) = fr(x)gs(x) = 0. Since R is *
—McCoy, there exist r,t € R\ {0} such that fy(x)r = 0 and tg,(x) = 0. Let A = E;3(r),B =
E13(t). Then f(x)A = 0 and Bg(x) = 0.

CASE 2. If f(x) # 0,80(x) = 0, then there exists g,(x) # 0, such that

g1(x) =g3(x) = 0; since g,(x) # 0. So f(x)g,(x) = fH(x)g5(x) = 0. There exists r,t €
R\ {0} such that fy(x)r = 0,tg,(x) = 0 because R is * —McCoy. Let A = E;3(r). Then
Ag(x) = g(x)A = 0.

CASE 3. If fy(x) = 0, go(x) # 0, then there exist A,B € Tzg(R) \ {0} such that Ag(x) =
g(x)B = 0. The proof is similar to Case 2.

CASE 4. If fy(x) = 0, go(x) = 0, then for any r € R\ {0}, let A = E;3(r). It is obvious that
Ag(x) = g(x)A = 0. Therefore, Tzg(R) is ¢ —McCoy for any case.
< Assume that f(x)go(x) = fu(x)go(x) = 0, where
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fo(x) = Toaix! # 0,8,(x) TLoajx) # 0,a;,a] ER.

a; a; agj a]{ aj a]{

Let f(x) = ¥, (0 aj ai) x,g(x) =X,| 0 a aj|forany
0 O dj ;
i=01,-,m,j=0,1,---n. Then

fox) fox) f(0) [80(X) go(X) go(X)
fx)gx) = 0 fo(x) fy(x) 0 go(x) go(x)|. Hence, there exists A =
0 0 fr(x 0 0 go®

S S12 S13
(0 S 523> € T3g(R) \ {0} such that f(x)A = 0 because T3g(R) is ¢ —McCoy. If s # 0, then
0 O S

fo(x)s = 0. If s = 0, then there exists rj # 0, such that s,3 = 0. We also have f(x)s;,,

f(x)s;3 = 0. Similarly, there exists t € R\ {0} such that tg,(x) = 0. Thus, R is * —McCoy.

Corollary 1. A * —ring R is * —McCoy if and only if the ¢ —ring T(R,R) with adjoint involution ¢
is ¢ —McCoy.

Proposition 3 suggests that T,g(R) could also be ¢ —McCoy for all n > 4. However, the
following example rules out this possibility.

Example 4. Consider T,g(R) over a commutative * —McCoy * —ring R and let

0 100 01 -1 0 0 00 O
f(x) = 0 00 0}, (00 0 O x,g(x) = 000 0},
0 00 O 0 0 0 O 0 00 1
0 0 0 O 0 0 0 O 0 0 0 O
0 00 O 0 00 O
8 g g 1 x, satisfy f(x)g(x) = f(x)g* (x) = 0, while f(x) 8 8 8 i * 0.
0 0 0 O 0 0 0 O

The full matrix M,(R) over a * —ring R with transpose involution is not * —McCoy, for
n = 3, according to the following examples:

Example 5. The * —ring M3 (R) is not *x —McCoy. Indeed, the polynomials
0 1 0 -1 0 O 0 0 1 0 0 O

f(x) = (0 0 0)+< 0 0 0>X,g(x) = <0 0 o>+<o 0 1>x, satisfy
0 0 O 0 0 O 0 0 1 0 0 O

010
f(x)g(x) = f(x)g" (x) = 0, while f(x) (0 0 o) £ 0.
00 0
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Example 6. The * —ring M,(R) is not * —McCoy. Indeed, the polynomials f(x),g(x) in

0000
Example 4, satisfy f(x)g(x) = f(x)g* (x) = 0, while f(x) 8 8 8 } £ 0
00 0 0

4. Extensions of * —McCoy property

In this section, the * —McCoy property is extended to several known extensions, such as the
polynomial * —ring R[x], the Laurent polynomial * —ring R[x,x 1], the localization S™'R of R at S
and from Ore * —ring to its classical Quotient Q.

Let R be a * —ring and T be a multiplicatively closed subset of R consisting of nonzero central
regular elements, then the localization of R to S is the * —ring S"'R = {u™'a]u € S,a € R}, with
involution * defined in [11] as:

(ula)* = uxtax.
Proposition 4. A *-ring R is * —McCoy if and only if STIR is * —McCoy.
Proof
= Let R be a * —McCoy * —ring and F(x)G(x) = F(x)G"(x) = 0 with
F(x) = X aix, G(x) = XL, Bx! € STIR[x], where oy = u'a;; B; = v_'bj and
aj; bj € R[x]\ {0},u; v € S. Hence
FX)G(x) = (u'ay + u”*a;x + -+ + uta ,x™) (v lby + v ibsx + -+ + v lb,x")
=ulvlagby + u v l(agb; + ajbg)x + -
+u v l(agb, + -+ apbg)x™t
= (vu)~*(agby + (aghy +a;bg)x + -+ + (agby + -+ apbg))x™*™"

= (v H(®g®) = 0;
F(x)G*(X) = (utay + u tayx + - + ula x™ @ by + v Ibix + -+
v~ Ubix™)

=u v Taghy + u vV (apb; +a;bi)x + -
+ u v (agb} + -
+ apby)x™™
= (v*u) l(agbg + (apbh; +a;by)x + - + (aghy + -+ + apbg)x™™)
= (vVwTfXg® = 0;

since S is contained in the center of R, so f(x)g(x) = f(x)g*(x) = 0. By hypothesis then there
exists 1, t € R, such that f(x)r = tg(x) = 0 which implies F(x)r = tG(x) = 0. Therefore S™IR is *
—McCoy.
e Letf(x) =Y ax,g(x) = i=0 bjx’ € R[x]\ {0} such that f(x)g(x) = f(x)g*(x) = 0. Then
there exists a nonzero element a € S™IR such that f(x)a = 0 since S™IR is * —McCoy. We can

assume o = u 'a for some a € R[x]\ {0} and u € S. Then f(x)au™! = f(x)ax = 0 implies that
f(x)a = 0. Therefore, R is * —McCoy.
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From Proposition 4, the following result is straightforward.

Corollary 2. For a * —ring R, R[x] is * —McCoy if and only if R[x,x 1] is * —McCoy.

Proof.

Clearly, S = {1,x,x2,---} is a multiplicatively closed subset of R[x]. Since R[x,x~1] = R[X]r, it
follows that R[x,x 1] is * —McCoy by Proposition 4.

Recall that a ring R is called right Ore if given a,b € R with b regular there exist a;,b; € R with
b, regular such that ab; = ba;. Left Ore is defined similarly and R is Ore ring if it is both right
and left Ore. For * —rings, right Ore implies left Ore and vice versa. It is a known fact that R is Ore
if and only if its classical quotient ring Q of R exists and for * —rings, * can be extended to Q by
(a~'b)* = b*(a*)"! (see [15, Lemma 4]).

Proposition 5. Let R be an Ore * —ring and Q be its classical quotient * —ring, then R is *
—McCoy if and only if Q is * —McCoy.

Proof
= Let R be a * —McCoy * —ring and F(x)G(x) = F(x)G*(x) = 0 with
F(x) =YX0,a;x, G(x) = i=0 Bjx) € Q[x],. From [14, Theorem 12], we may assume that o; =

au™ B]- = b]-v"1 where aj; b]- € R for all i,j,u,v € R are regular and for each j there exist

_ -1 -1
‘w Ly* b; = djz" . Put

¢j, ¢, d] € R, regular w, z*€ R such that u~lb; = w™!

f(x) = XRoaix!,g(x) = XL, cx! € R[x], then

F(x)G(x) = i z“: aiBjXHj — i zn: a; (u—1b]_)v—1xi+j

i=0 j=0 i=0 j=0
= YR YL aj(vw) XM = f(x)g(x) (vw) 'and

0 = F®)G(x) = i Zn: aiB;XHj — i i aiu—l (ij_l)*xiﬂ'

i=0 j=0 i=0 j=0
=Y Xoaut (v) ik
= iH;O Zlnzo ai(u_ld;*)z*_lx”j
= Y2 Xk aic) (2" w) " 1x!]
= (g () (z'w) ™.
Hence f(x)g(x) = f(x)g"(x) = 0in R[x]. Since R is * —McCoy, f(x)r = tg(x) = 0, we have
FXr=Y" a;x'r =Y au~x'r =Y aixiru™! =f(x)ru"! = 0 = tG(x), for all i and Q is *
—McCoy.
& Let f(x) = ¥M, ax), g(x) = i=0 bjxj € R[x]\ {0} such that f(x)g(x) = f(x)g"(x) = 0. Then

there exists a nonzero element o € Q such that f(x)a = 0 since Q is * —McCoy. Because Q is a

,u_ldik =

0

classical right quotient * —ring, we can assume a = au ! for some a € R[x]\ {0} and regular
element u. Then f(x)au™! = f(x)a = 0 implies that f(x)a = 0. Therefore, R is *x —McCoy.
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Conclusion

In conclusion, this study established the concept of * —McCoy * —rings by applying the theory
of * —ring to McCoy ring. The basic operations on this concept were defined along with several
examples. Subsequently, theorems related to these operations were proven. Finally, algebraic
relations between this ring and many other rings were presented.

References
[1] C. Y. Hong, N. K. Kim, T. K. Kwak, “Ore extensions of Baer and p.p.-rings,” J. Pure Appl.
Algebra, Vol. 151, 215-226, 2000.

[2] G. F. Birkenmeiera, J. Y. Kim, J. K. Park, “Polynomial extensions of Baer and quasi-Baer
rings,” J. Pure Appl. Algebra, Vol. 159, 25-42, 2001.

[3] J. Krempa, “Some examples of reduced rings,” Algebra Colloq., Vol. 3(4), 289-300, 1996.

[4] M. B. Rege and S. Chhawchharia, “Armendariz rings,” Proc. Jpn. Acad. Ser A-Math. Sci.,
73(A) 14-17, 1997.

[5] N.K. Kim, Y. Lee, “Armendariz rings and reduced rings,” J. Algebra, Vol. 223, 477-488, 2000.

[6] U. A. Aburawash, M. Saad, “*-Baer property for rings with involution,” Studia Sci.Math.
Hungar, Vol. 53, 243-255, 2016.

[7] U. A. Aburawash, K. B. Sola, “*-zero divisors and *-prime ideals,” East West J. Math., 12, 27—
31, 2010.

[8] P. P. Nielsen, “Semicommutativity and the McCoy condition,” J. Algebra Vol. 298(1), 134-141,
2006.

[9] D.D. Anderson, V. Camillo, “Armendariz rings and Gaussian rings,” Comm. Algebra, Vol. 26,
2265-2272, 1998.

[10] M. B. Rege, S. Chhawchharia, “Armendariz rings,” Proc. Japan Acad. Ser A Math. Sci, Vol.
73, 14-17, 1997.

[11] U. A. Aburawash, B. M. ELgamudi, “*-Armendariz property for involution rings,” East West
Math., Vol 21(2), 171-18, 2019.

[12] W. S. Martindale, “Rings with involution and polynomial identities,” J. Algebra, Vol. 11, 186—
194, 1969.

[13] B. M. ELgamudi, F. A. Hamad, “On *—Skew *—Armendariz *—Rings,” International Science
and Technology Journal, Vol. 34 (1), 1-13, 2024.

[14] M. T. Kosan, “Extensions of Rings Having McCoy Condition,” Canad. Math. Bull., Vol.
52(2),267-272, 2009.

[15] C. Huh, Y. Lee, A. Smoktunowicz, “Armendariz rings and semi commutative rings,” Comm.
Algebra, Vol. 30(2),751-761, 2002.

40



