Derna University Journal of Applied Sciences )\f/ \| '-

Vol. 3, Issue 1, 2026 —
ISSN: 3079-0719 (Online) | DOI: https://doi.org/10.58987/27zjre82 ' j

On Neighborhoods of a New Class of Meromorphic Multivalent Functions
with Negative Coefficients

Haneen A. Almasri*!, Aisha A. Amer?

! Department of Mathematics, Faculty of Education, Elmergib University, Al-Khoms, Libya
2 Department of Mathematics, Faculty of Science, Elmergib University, Al-Khoms, Libya

“haalmasri@elmergib.edu.ly

Received: May 17, 2026; Accepted: June 29, 2026

Abstract—In this paper, we introduce an extension of the generalized derivative operator
I (A4, 25,1, n) f(z), from the field of multivalent analytic functions in the open unit disc to the field
of meromorphic multivalent functions in the punctured open unit disc. Then we introduce and
systematically study a new class K" (14, 4,,[,n, @, y) of meromorphic multivalent functions in the
punctured open unit disc by means of a new extended generalized derivative operator
(A4, 25, 1,n)f(z). This class of functions is defined by a condition involving the proposed
extended operator, which gave this class new geometric and analytical properties. Membership in
this class is characterized by coefficient estimates. In addition, the inclusion and neighborhood
properties of this class of functions are investigated.

Keywords—Coefficient estimates; Generalized derivative operator; Meromorphic multivalent
functions; Neighborhood properties

1. Introduction

The Riemann mapping theorem in complex analysis introduced a fundamental idea for
studying complex functions, leading to the development of a new branch known as geometric
function theory (GFT), in which the geometric properties of analytic functions are investigated.
Later, in 1907, Paul Koebe initiated systematic work on univalent functions [1]. Subsequently,
various geometric subclasses such as starlike, convex, close-to-convex, spiral-like, and multivalent
functions [2] were introduced and extensively studied by researchers including M. S. Robertson,
Karl Lowner, Wilfred Kaplan, Ladislav Spaéek, and Robert J. Libera.

The classical study of the subject of analytic univalent functions has been engaging the
attention of researchers at least till as early as 1907. This has been growing vigorously with added
research. This field captioned as geometric function theory is found to be a mixing or an interplay
of geometry and analysis. Despite the classical nature of the subject, unlike contemporary areas,
this field has been fascinating researchers, with stress on the interest based on investigations by
function theorists. The main ingredient motivating this line of thought is based on the famous
conjecture called the Bieberbach conjecture or coefficient problem offering vast scope for
development from 1916, till a positive settlement in 1985 by de Branges where innumerable results
were obtained based on this problem. Multivalent functions are a natural generalization of univalent
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functions. There are several results that generalize classical results on univalent functions, the study
of multivalent functions expands the scope of GFT, allowing mathematicians to explore families of
functions with richer structural behaviors and more complex mapping properties. One of the
research methods that has accompanied multivalent functions since their appearance is the study of
subclasses of functions defined using certain operators such as derivative operators [3—8], and
obtain neighborhood properties [9-14].

The theory of meromorphic multivalent functions extends the classical theory of univalent
analytic functions by allowing functions with multiple valency and poles in the domain, thereby
providing a richer framework for analysis. Within this context, neighborhood problems have been
extensively studied to investigate how small variations in coefficients affect membership in specific
subclasses. Such studies are closely related to convolution (Hadamard product), derivative
operators, which are frequently used to define and investigate new function classes [15-17]. As a
contribution to the development of the theory of multivalent meromorphic functions and the
investigation of their structural properties, many researchers have focused on extending generalized
derivative operators, so as to be applied to the class of multivalent meromorphic functions in
the punctured open unit disc [18-22]. Moreover, these extended generalized derivative operators
have been employed to define new subclasses of multivalent meromorphic functions and to
investigate their inclusion relationships and neighborhood properties [23-27].

Despite these efforts, there remains a need for further research to gain a deeper understanding
of the analytic and geometric behavior of multivalent meromorphic functions associated with newly
developed generalized derivative operators. In particular, there 1is a continuing interest
in constructing further extensions of generalized derivative operators that are applicable to the class
of multivalent meromorphic functions. According to that, the present study aims to contribute to
this theoretical research field, by extending a generalized derivative operator [28] to the class of
multivalent meromorphic functions, and introducing a new subclass of multivalent meromorphic
functions in the punctured open unit disc defined in terms of the proposed operator.

2. Preliminaries

We first denote by K the class of analytic functions in the open unit disc
E={zz€(C|z| <1},
which have the following form
f(2)=z+Y5 ,a,z*, z€E.

Let A denote the subclass of K consisting of functions f(z) in E and satisfy the normalization
condition:

f(0)=f(0)—-1=0.
For two functions f(z) given by (1) and g(z) given by
g(2)=z+ Y%, bz, z€E,
the convolution (or, equivalently, the Hadamard product) is defined below
(f*9)(@) = z+ X, a"b 2"

Let (x)denote the pochhamer symbol defined by
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) _F(x+k)_{1 fork =0,x € C* =C/{0}
7o) T e+ D(x+2)..(x+k—1) forkeN,x€C.
Using the Hadamarad product, Amer and Darus [29] have recently introduced a new generalized
derivative operator I"™ (A4, 4,,[,n)f(z) as follows:
Form,n € Ny, = NU{0}, 1, =1, = 0,1 > 0. Let

A+, (k-1)+D™1 k
+D)M=1(142,(k—1))™

¢m(/11,/12, l)(Z) =z+ Z?:Z (1

We define the generalized derivative operator I™ (A4, 1,,[,n)f(2): A - A by:

(1+A (k=) +)™m1
1+)™-1(1+4,(k-1))

(A, A2, L,n)f(2) = ™ (11,42, D(2) * R™f(2) = z + Y=, m c(n, k) aka,

where R™f(z) is the Rushewehyh derivative operator which given by

R"f(z) = z+ Xy, c(n k) aiz¥, and c(n, k) = %,
k-1

Let A (v)denote the class of functions of the form:
f(2)=2z"+Y5 i axz®, (v EN).
which are analytic multivalent in the open unit disk E.

The authors [28], extended the generalized derivative operator I™ (14, 1,,1,n) f(z) for a class A (v)
as follows:

For a function f(z) € A(v), we define the extended generalized derivative operator
I{,n(Al, Az, l, n)f(Z) by

W+, (k=v)+D)™m1

m — SV [e'e]
IU (2'1’ AZ’ l’ n)f(z) =z + 2k=v+1 (U+l)m_1(1+lz(k_v))

m CU(n' k) aki (1)
where,
_(m+k—1\_ Tk+n)
c’(n,k) = ( K — ) = T and m,n € Ny,v € N,

Special cases of this operator include:

o ["(A1, A5, Ln)f(2) = I™(A41, Az, Ln)f(2), defined by Amer and Darus [29].

e I™*1(0,0,0,n)f(z) = R"f(z), the Rusheweyh derivative operator [24].

e I™*1(1,0,0,0)f(2) = S™f(2), the Salagean derivative operator [27].

e [#(14,0,0,n)f(2) = R}f(2), the generalized Rusheweyh derivative operator [30].

o [™1(1,,0,0,0)f(2) =S 5 f(2), the generalized Salagean derivative operator introduced by Al-

Oboudi [3].

e [™(44,0,,n)f(z) =I"™(A, B, Df (2) the Catas derivative operator [12].

o I"(11,1,,0,n)f(2) = ,ugﬁz f(2), defined by AL-Abbad and Darus [31].

e IJ**1(1,0,0,0)f(2) = S} f(2), defined by Eker and Seker [15].

e I™*1(0,0,0,n)f(z) = R*?f(2), introduced Raina and Srivastava [26].

e ["1(0,0,0,m+p—1)f(2) = D**P~1£(z), defined by Kumar and Shukla [20].

o [""(4,,0,0,0)f(2) = Dg,f (2), introduced by Bulut [11].
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e I7'(144,0,1,0)f(2) = I} (A, 1)f (2), the Catas extended multiplier transformation [13].
Additionally, we let F (v) denote the class of all meromorphic functions of the form
f@ =5+, az”,
which are analytic and multivalent in the punctured open unit disk in complex plane
E*={z.z€C0<|z| < 1}.
Also, M (v) denote the subclass of F(v) that contains all functions of the form
f@=5-Siazt, (20 vkeNkzv, 0<|z<1). (2

That is, M'(v) the subclass of all analytic and meromorphic multivalent functions (2) in E* with
negative coefficients. If f(z) € M (v), then (1) becomes

15O, 20, L)f (2) = 35 = B

n+v-1|€-k—1)-

For simplification, we write Equation (3) in the form

MO A2 Lf(2) = = Bty O g, Az, L) (2) @iz,

(w+A, (k+v)+D)™m 1

n k
+D)M=1(14+2, (k+)) " ¢y (n, k) axz 3)

where, ¢f(n, k) = (

where,
(k) (w+a, (k+v)+1)™"1
D™ (1425(k+v)) "

(I)Ircn(lliAZl l, n)(z) = (4)

Definition 2.1

Letv EN,0 <@ <1, and y > 0. The class K" (14, 4,,,n, @, y) consists of all functions f €
M (v), of the form (2), such that

2 ¢ (A, A L)@k -1+ @@+ D]k ar < vl + 1)1 — @).
Where, ¢ (A4, 45, [, n)(2) given by (4),

and

(U ) (@) <yl ()],
for0 < |z|] <1,

m _ 200 01 da b)) (2) v-1
Uy (2) = (17" (A, A2, L) )1(2) @+ Dz

and

m _ 2V (A 22,00 )" (2) v—1
W'H@ = ma mimpre T @@+ Dz

Remark 2.1
Settingl;, =1, =l=n=m=0,v=1,@ = aand y = 1. The class K" (1, 1,, |, n, @, y) agrees
with A} (@, —1,1,0) in [17].
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Remark 2.2

Setting A, = A, =1l =0,m=n,v=1,@ = 0and y = 1. The class K*(11,1,,,n, @,y) agrees
with T; (0,1, —1,1, n)in [5].
In the following section, we present the coefficient bounds for the class X' (A4, 4,, L, n, @, y).

3. Coefficient Estimates

The following theorem provides a necessary and sufficient condition for a function to belong to the
class K" (A4, A,, [, n, @, y) in terms of its coefficients.

Theorem 3.1
A function f € M (v), given by (2), is in a class K" (44, 45, [, n, @, y) if and only if
2= Pk A, A, L) @Dv+k+y(k—D+@wy@+ D]k ap <y —@)vw+1), (5)

The estimate is sharp for any of the functions
y(1-m)v(v+1)

fi(2) = P (A A2 M) (D w+y (k-D+w y(0+D]K’

where ¢;* (A4, 45, [,n)(2) given by (4).

Proof
Suppose that f € M (v), be given by (2), and fix z. To establish that the function f(z) belongs to
the class K)'(A4,4,,,n,@,y), we verify both conditions stated in Definition 2.1, assume
Ilr)n(/111221 l: n) = 117)71’ ¢I7(n(/11,12’ ll n)(Z) = d)lin
We first note that
U H @ U @) = 1z° ()" (2) + 1) (2) (v + Dz,
= |- Xio o8 (v + k)kay 27772, (6)

Since |z| < 1, by the triangle inequality for complex-valued functions, we have from (6)

(U @) (2)] < Zi=w i (v + K)kay, (7
by using the same strategy, we have
N @) (@) = 12°(5 )" (2) + w(v + Dz~ 1) ()],

=1 -@)v@+Dz? - T, ¢f [k — 1+ @(v + D]kay "2
>A-@v+1) - X, o8 W+ kk—1+a@+ Dlkag. (8)

Now, if (5) holds, and by relating this to equations (7) and (8)
0 < Yiemy Bk (v + K)keay
SsyA -+ 1) -y XL, o W+ Kk —1+@@+ Dlkay,
which implies, the first condition of definition 2.1, moreover
(U H @U@ ()] =y (@) 1) (2)]
<Yt w+Bv+k+yk—1D)+wy@+ D]ka, —y(1 —@)v(v+1) <0.
Thus, f € K" (14,4, Ln,@,y).
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Conversely, assuming f(z) € K*(14,1,,1,n,@,y), we proceed to establish that inequality (5) is
satisfied, we first note that

T, O (vtk)kagzV

W' (@

V) (2) = A-@)v(+1) -T2, PP lk—1+w(+1)]kagzV*k <Y
From the above relation, it follows that
Re T, O (vtk)kagzVtk ] y
1-w)v+1) -T2, drtlk—1+w(w+1)]kagzV*tk

Choosing z = r € R and letting r — 17 yields

Zl?:v ¢Ircn(u+k)kak
A-wvw+1)-X3, drlk—1+@m(+1)]kag

<y.

As the denominator on the left-hand side of this inequality is positive, (5) follows.
Finally. It is straightforward to verify that the estimate (5) is sharp for the functions f; (z) ,
(ke N,k =v).

Corollary 3.1
If fe KJ'(A, Ay Ln,@,y), given by (2), then

y(1-w)(w+1)
O (A, 22, L) [2v+y(v—1)+@ y(v+1)]

Zlio=v 295 <

This estimate is sharp for function f,,(z) in theorem 3.1.

4. Neighborhood properties

Definition 4.1

Suppose [ € M (v) is given by (2), and let 0 < 6 < 1. The N, s_neighborhood of f is defined
by

1

Nys () = {9() = 5 - Zizy buz* € M): B, klar — byl < 8},

zZV

If h(z) = z7Y, then
Nys(h) = {9(2) = 5 — Zi, bz € MW): Bi2e, kelby| < 6},

Similarly. The N, s — neighborhood of f is defined by

1

Nos(f) = {9(2) = = Bz, bz € M): Ty melay — byl < 8},

where

_ oA Al n) [u+k+ B (k—1)+apw+1)]k
o y(A-w)v(v+1)

Ui ,(k € Nk > v).

Definition 4.2
Let 0 < 0 < 1 the function f € M (v) is said to lie in the class K5 (11, 4;, [, n, @, y), whenever
there exists g(z) € K" (14,15, 1, n,@,y) such that

9@) _ o
e 1|<1 o (0<]z| <1
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Theorem 4.1
Let f € K(Ay, Ay, L, @,7) be given by (4). If p, > 1,0 <8 <=1 < 1 and

Uy

a=[1—:vL_61]20,

then Nv,6 (f) c KITU(AIJ AZ) l; n,w, }/)
Proof
Pick g(z) € M (v) given by

1

g(z)zz—v—Z,‘?’:vbkzk ,(by=0; keENk>v). 9)
Assume also ), k|ay — by| < &, then

Li=vlax — bkl < 6 (10)
Now, from corollary 3.1, we have

Lk=v A < ¢Iﬁn(/11,12,l,r)z/)([12;f3§zi3+wy(u+1)] = (a1
and, by condition pu,, > 1, we get u, 1 < 1.
Thus, the Equation (11) becomes

S, 4 Syt < L. (12)
Hence

5] < g
< Y ylag—bgl . (13)

1_2]°(°=u ak

Using equations (10), (12) in (13), we get

9 _q| < st

f@ oy =1-0  0<l|z<1.

Theorem 4.2
Suppose f € KJ' (A4, A5, 1, n, @,y) be given by (2). If
0=1- Z;éo:l):ukaka

then N, 5(f) € K" (A4, A2, 1, n, @,Y), this result is sharp, in the sense that & cannot be increased.

Proof

It follows immediately from Theorem 3.1 that
Y=o Ml = ¢ <1,
Let g € N, 5(f), be given by (9). We may write
Dk=v Mibi < Xty Mk + L=y el —ag | <+ 8 = 1.

Thus, by theorem 3.1 g € K" (14,1,, ,n, @,y).
To prove the sharpness of the result, consider the extremal function

f =f, € K;™(14,1,, ,n, @,y) from Theorem 3.1
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f) ==——2",  (@EeE)
z¥ [y

note that, for this f, we have § = 0.

Choose 0 < §* < 1, and define g € M (v) by

_ 1 148"
9@ =5-——2"

Thus g € N, 5-(f):

1 1+8*

Uy Uy

=6

Hy

However,

MAuAzln)[2v+y(k—1)+w y(v+1)] 1+6*
y(1-@)(v+1) Uy

=1+6">1,

and theorem 3.1, reveals that g & KJ'(A4,4,, L, n, @, 7).

5. Inclusion Relations Involving N,, s(h)

Theorem 5.1

If
yv2(1-w)(v+1)
(AL [2v+y(v—-1)+v @ y(v+1)]v°

then K" (11,4,,,n,@,y) € N, s(h).

Proof
Let f(z) € KJ'(A1, 15, I, n, @,y), then, Theorem 3.1 immediately yields

&) (A, L) @D[2v+y - D +oy+ D] Xtk a <yQ—@)v(w+ 1),
so that

yv?2(1-w)(v+1) _
A, L) [2uv+y(v-1)+v @ y(v+1)]v -

9

Zl?:yk ag < o

Thus, by Definition 2.1, we get f(z) € N, s(h).

6. Conclusions

This paper presents a systematic investigation of a new class of meromorphic multivalent
functions K" (44,45, [, n, @, y) defined in the punctured open unit disc by means of the extended
generalized derivative operator. Several fundamental results associated with this class were derived,
including coefficient estimates that provide sufficient characterization for class membership.
Furthermore, the inclusion relations and neighborhood properties related to this class were studied,
contributing to a deeper understanding of the analytic structure and geometric properties of these
functions. The results obtained in this study suggest several directions for future research:

e New subclasses: The proposed extended operator, defined on the class of meromorphic
multivalent functions in the punctured unit disk, can be employed to introduce new subclasses
and investigate their inclusion relations and neighborhood properties.
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Geometric properties: Further geometric properties of the studied class can be investigated,
including radii of starlikeness and convexity, distortion theorems, growth theorems, and closure
properties.

Extensions to other operators: The methodology developed in this study can be applied to
extend other derivative operators from the class of multivalent analytic functions in the open
unit disk to the class of meromorphic multivalent functions in the punctured unit disk, followed
by an investigation of their associated analytic and geometric properties.
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    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )


    𝒦  


  E =  { z : z ∈ ℂ ,  | z | < 1 } ,  


  f  ( z ) = z +   ∑  k = 2 ∞    a  k   z  k


  z ∈ E .


    𝒜  


  𝒦  


  f ( z )


  E    


  f  ( 0 ) = f ′  ( 0 ) − 1 = 0


  f ( z )


  g ( z )


  g  ( z ) = z +   ∑  k = 2 ∞    b  k   z  k


  z ∈ E


   ( f ∗ g )  ( z ) =   z +   ∑  k = 2 ∞      a  k b  k   z  k


    ( x )  k


    ( x )  k =   Г ( x + k )  Г ( x ) =  {    1                                                                                   f o r   k = 0 , x ∈  ℂ ∗ = ℂ /  { 0 }   x  ( x + 1 )  ( x + 2 ) …  ( x + k − 1 )           f o r   k ∈ ℕ , x ∈ ℂ .


    I  m (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )


    m , n ∈  ℕ 0 = ℕ ⋃  { 0 }


    𝜆 2 ≥   𝜆 1 ≥ 0 , l ≥ 0 .  


    𝜙  m  (   𝜆 1 ,   𝜆 2 , l )  ( z ) = z +   ∑  k = 2 ∞      ( 1 +   𝜆 1  ( k − 1 ) + l )  m − 1     ( 1 + l )  m − 1   ( 1 +   𝜆 2 ( k − 1 ) )  m     z  k


    I  m (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z ) : 𝒜 → 𝒜


    I  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z ) =   𝜙  m  (   𝜆 1 ,   𝜆 2 , l )  ( z ) ∗   R  n f  ( z ) = z +   ∑  k = 2 ∞       ( 1 +   𝜆 1  ( k − 1 ) + l )  m − 1     ( 1 + l )  m − 1    ( 1 +   𝜆 2  ( k − 1 ) )  m     c  ( n , k )   a  k   z  k


        R  n f  ( z )


    R  n f  ( z ) = z +   ∑  k = 2 ∞    c  ( n , k )   a  k   z  k ,


  c  ( n , k ) =     ( n + 1 )  k − 1    ( 1 )  k − 1


  𝒜 ( 𝜐 )


  f  ( z ) =   z  𝜐 +   ∑  k = 𝜐 + 1 ∞    a  k   z  k


   ( 𝜐 ∈ ℕ ) .


  E


    I  m (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )


  𝒜 ( 𝜐 )


  f  ( z ) ∈ 𝒜  ( 𝜐 )


    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )


    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z ) =   z  𝜐 +   ∑  k = 𝜐 + 1 ∞       ( 𝜐 +   𝜆 1  ( k − 𝜐 ) + l )  m − 1     ( 𝜐 + l )  m − 1    ( 1 +   𝜆 2  ( k − 𝜐 ) )  m       c  𝜐  ( n , k )   a  k ,  


    c  𝜐  ( n , k ) =  (    n + k − 1   k − 𝜐 ) =   Γ  ( k + n )   ( k − 𝜐 ) ! Γ  ( 𝜐 + n ) ,  


    m , n ∈  ℕ 0 , 𝜐 ∈ ℕ .


    I 1  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )   = I  m (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z )


    I 1  m + 1  ( 0 , 0 , 0 , n ) f  ( z ) =   R  n f  ( z ) ,


    I 1  m + 1  ( 1 , 0 , 0 , 0 ) f  ( z ) =   S  n f  ( z ) ,


    I 1 2  (   𝜆 1 , 0 , 0 , n ) f  ( z ) =   R  𝜆  n f ( z )


    I  m + 1  (   𝜆 1 , 0 , 0 , 0 ) f  ( z ) =   S  𝛽  n f ( z )


      I  m  (   𝜆 1 , 0 , l , n ) f  ( z ) =   I  m ( 𝜆 , 𝛽 , l ) f  ( z )


    I 1  m  (   𝜆 1 ,   𝜆 2 , 0 , n ) f  ( z ) =   𝜇    𝜆 1 ,   𝜆 2  n , m f  ( z )


    I  𝜐  m + 1  ( 1 , 0 , 0 , 0 ) f  ( z ) =   S  p  n f  ( z ) ,


    I  𝜐  m + 1  ( 0 , 0 , 0 , n ) f  ( z ) =   R  𝜆 , p f  ( z ) ,


    I  𝜐  m + 1  ( 0 , 0 , 0 , m + p − 1 ) f  ( z ) =   D  n + p − 1 f  ( z ) ,


    I  𝜐  m + 1  (   𝜆 1 , 0 , 0 , 0 ) f  ( z ) =   D  𝛿 , p  n f  ( z )


    I  𝜐  m  (   𝜆 1 , 0 , l , 0 ) f  ( z ) =   I  p  n ( 𝜆 , l ) f  ( z )


  ℱ ( 𝜐 )


  f  ( z ) =  1    z  𝜐 +   ∑  k = 𝜐 ∞    a  k   z  k


      E ∗ =  { z : z ∈ ℂ , 0 <  | z | < 1 }


  ℳ ( 𝜐 )


  ℱ ( 𝜐 )


  f  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞    a  k   z  k


   (   a  k ≥ 0 ;     𝜐 , k ∈ ℕ ,   k ≥ 𝜐 ,     0 <  | z | < 1 ) .


    ℳ ( 𝜐 )


      E ∗


  f ( z ) ∈ ℳ ( 𝜐 )


    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞       ( 𝜐 +   𝜆 1  ( k + 𝜐 ) + l )  m − 1     ( 𝜐 + l )  m − 1    ( 1 +   𝜆 2  ( k + 𝜐 ) )  m       c  𝜐  𝜘  ( n , k )   a  k   z  k  


      c  𝜐  𝜘  ( n , k ) =  (    n + 𝜐 + k − 1   k )


   


    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞    𝜙  k  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )       a  k   z  k  


    𝜙  k  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z ) =     c  𝜐  𝜘  ( n , k )    ( 𝜐 +   𝜆 1  ( k + 𝜐 ) + l )  m − 1     ( 𝜐 + l )  m − 1    ( 1 +   𝜆 2  ( k + 𝜐 ) )  m  


  𝜐 ∈ ℕ


  0 ≤ 𝜛 < 1


  𝛾 > 0


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


  f ∈ ℳ ( 𝜐 )


    ∑  k = 𝜐 ∞    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )  [ k − 1 + 𝜛  ( 𝜐 + 1 ) ] k     a  k < 𝜐  ( 𝜐 + 1 )  ( 1 − 𝜛 )


    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )


   |  (   U  𝜐  m f ) ( z ) | < 𝛾  |  (   V  𝜐  m f ) ( z ) |


  0 <  | z | < 1


   (   U  𝜐  m f )  ( z ) =     z  𝜐  (   I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f ) " ( z )   (   I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f ) ′ ( z ) + ( 𝜐 + 1 )   z  𝜐 − 1


   (   V  𝜐  m f ) ( z ) =     z  𝜐  (   I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f ) " ( z )   (   I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) f ) ′ ( z ) + 𝜛 ( 𝜐 + 1 )   z  𝜐 − 1


    𝜆 1 =   𝜆 2 = l = n = m = 0


  𝜐 = 1 , 𝜛 = 𝛼


  𝛾 = 1


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


   Λ  1 , 𝜅 ∗  ( 𝛼 , − 1 , 1 , 0 )


    𝜆 1 =   𝜆 2 = l = 0 ,   m = n


  𝜐 = 1 , 𝜛 = 0


  𝛾 = 1


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


   T 1 ∗  ( 0 , 1 , − 1 , 1 , n )


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


  f ∈ ℳ  ( 𝜐 )


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    ∑  k = 𝜐 ∞    𝜙  k  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )  [ 𝜐 + k + 𝛾  ( k − 1 ) + 𝜛   𝛾  ( 𝜐 + 1 ) ] k     a  k < 𝛾  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 )


    f  k  ( z ) =   𝛾  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 )    𝜙  k  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )  [ 𝜐 + 𝛾  ( k − 1 ) + 𝜛   𝛾  ( 𝜐 + 1 ) ] k


    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )


  f ∈ ℳ  ( 𝜐 )


  z


    f  ( z )


    𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    I  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n ) =   I  𝜐  m


      𝜙  k  m  (   𝜆 1 ,   𝜆 2 , l , n ) ( z ) =   𝜙  k  m


   |  (   U  𝜐  m f ) ( z )  (   I  𝜐  m f ) ′ ( z ) | =  |   z  𝜐  (   I  𝜐  m f ) " ( z ) +  (   I  𝜐  m f ) ′ ( z ) ( 𝜐 + 1 )   z  𝜐 − 1 |


  =  | −   ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k )   k   a  k   z  𝜐 + k − 2 |


   | z | < 1


   |  (   U  𝜐  m f )  ( z )    (   I  𝜐  m f ) ′  ( z ) | <   ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k ) k   a  k


   |  (   V  𝜐  m f ) ( z )  (   I  𝜐  m f ) ′ ( z ) | =  |   z  𝜐  (   I  𝜐  m f ) " ( z ) + 𝜛 ( 𝜐 + 1 )   z  𝜐 − 1  (   I  𝜐  m f ) ′ ( z ) |


  =  |  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 )   z  − 2 −   ∑  k = 𝜐 ∞    𝜙  k  m  [ k − 1 + 𝜛 ( 𝜐 + 1 ) ]   k   a  k   z  𝜐 + k − 2 |


  >  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 ) −   ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k )  [ k − 1 + 𝜛 ( 𝜐 + 1 ) ] k   a  k


                      0 ≤   ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k ) k   a  k


                                          ≤ 𝛾  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 ) − 𝛾   ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k )  [ k − 1 + 𝜛 ( 𝜐 + 1 ) ] k   a  k


             |  (   U  𝜐  m f ) ( z )  (   I  𝜐  m f ) ′ ( z ) | − 𝛾  |  (   V  𝜐  m f ) ( z )  (   I  𝜐  m f ) ′ ( z ) |


  <   ∑  k = 𝜐 ∞    𝜙  k  m  ( 𝜐 + k )  [ 𝜐 + k + 𝛾  ( k − 1 ) + 𝜛   𝛾  ( 𝜐 + 1 ) ] k   a  k − 𝛾  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 ) ≤ 0


  f ∈     𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    f ( z ) ∈     𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 ) ,  


   |    (   U  𝜐  m f ) ( z )   (   V  𝜐  m f ) ( z ) | =  |     ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k ) k   a  k   z  𝜐 + k   ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 ) −   ∑  k = 𝜐 ∞    𝜙  k  m  [ k − 1 + 𝜛 ( 𝜐 + 1 ) ] k   a  k   z  𝜐 + k | < 𝛾


  R e  [     ∑  k = 𝜐 ∞    𝜙  𝜐  m ( 𝜐 + k ) k   a  k   z  𝜐 + k   ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 ) −   ∑  k = 𝜐 ∞    𝜙  k  m  [ k − 1 + 𝜛 ( 𝜐 + 1 ) ] k   a  k   z  𝜐 + k ] < 𝛾


  z = r ∈ ℝ


        r →  1 −


      ∑  k = 𝜐 ∞    𝜙  k  m ( 𝜐 + k ) k   a  k   ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 ) −   ∑  k = 𝜐 ∞    𝜙  k  m  [ k − 1 + 𝜛 ( 𝜐 + 1 ) ] k   a  k < 𝛾


    f  k  ( z )     ,  


   ( k ∈ ℕ ,   k ≥ 𝜐 )


      f ∈     𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    ∑  k = 𝜐 ∞    a  k ≤   𝛾  ( 1 − 𝜛 )  ( 𝜐 + 1 )    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  [ 2 𝜐 + 𝛾  ( 𝜐 − 1 ) + 𝜛   𝛾 ( 𝜐 + 1 ) ]


    f  𝜐  ( z )    


  f ∈ ℳ ( 𝜐 )


  0 ≤ 𝛿 < 1


    N  𝜐 , 𝛿 _ n e i g h b o r h o o d


  f


    N  𝜐 , 𝛿  ( f ) =  { g  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞    b  k   z  k ∈ ℳ  ( 𝜐 ) :     ∑  k = 𝜐 ∞  k  |   a  k −   b  k | ≤ 𝛿 }


  h  ( z ) =   z  − 𝜐


    N  𝜐 , 𝛿  ( h ) =  { g  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞    b  k   z  k ∈ ℳ  ( 𝜐 ) :     ∑  k = 𝜐 ∞  k  |   b  k | ≤ 𝛿 }


        N ~  𝜐 , 𝛿 −   n e i g h b o r h o o d


  f


      N ~  𝜐 , 𝛿  ( f ) =  { g  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞    b  k   z  k ∈ ℳ  ( 𝜐 ) :     ∑  k = 𝜐 ∞    𝜇  k  |   a  k −   b  k | ≤ 𝛿 }


    𝜇  k =     𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  [ 𝜐 + k + 𝛽  ( k − 1 ) + 𝛼 𝛽  ( 𝜐 + 1 ) ] k  𝛾  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 )                 ,  ( k ∈ ℕ ,   k ≥ 𝜐 )


  0 ≤ 𝜎 < 1


    f ∈ ℳ ( 𝜐 )


      𝒦  𝜐 , 𝜎  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


      g ( z ) ∈ 𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )    


   |   g ( z )  f ( z ) − 1 | < 1 − 𝜎 ;                    ( 0 <  | z | < 1 )


      f ∈ 𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


      𝜇  𝜐 > 1


    0 ≤ 𝛿 ≤     𝜇  𝜐 − 1    𝜇  𝜐 < 1    


  𝜎 =  [ 1 −     𝜇  𝜐 𝛿    𝜇  𝜐 − 1 ] ≥ 0


    N  𝜐 , 𝛿  ( f ) ⊂     𝒦  𝜐 , 𝜎  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


  g ( z ) ∈ ℳ ( 𝜐 )


  g  ( z ) =  1    z  𝜐 −   ∑  k = 𝜐 ∞    b  k   z  k       ,  (   b  k ≥ 0 ;   k ∈ ℕ ,   k ≥ 𝜐     )


    ∑  k = 𝜐 ∞  k  |   a  k −   b  k | ≤ 𝛿


    ∑  k = 𝜐 ∞   |   a  k −   b  k | ≤ 𝛿


    ∑  k = 𝜐 ∞    a  k ≤   𝛾  ( 1 − 𝜛 )  ( 𝜐 + 1 )    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  [ 2 𝜐 + 𝛾  ( 𝜐 − 1 ) + 𝜛   𝛾 ( 𝜐 + 1 ) ] =     𝜇  𝜐  − 1


    𝜇  𝜐 > 1


      𝜇  𝜐  − 1 < 1


    ∑  k = 𝜐 ∞    a  k ≤     𝜇  𝜐  − 1 < 1 .


   |   g ( z )  f ( z ) − 1 | <     ∑  k = 𝜐 ∞   |   a  k −   b  k |    | z |  𝜐 + k  1 −   ∑  k = 𝜐 ∞    a  k    | z |  𝜐 + k


  ≤     ∑  k = 𝜐 ∞   |   a  k −   b  k |  1 −   ∑  k = 𝜐 ∞    a  k


   |   g ( z )  f ( z ) − 1 | <     𝜇  𝜐 𝛿    𝜇  𝜐 − 1 = 1 − 𝜎 ,                   0 <  | z | < 1


      f ∈ 𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


  δ = 1 −   ∑  k = 𝜐 ∞      𝜇  k a  k


      N ~  𝜐 , 𝛿  ( f ) ⊂     𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


  δ


    ∑  k = 𝜐 ∞      𝜇  k a  k = 𝜁 ≤ 1


  g ∈     N ~  𝜐 , 𝛿  ( f )


    ∑  k = 𝜐 ∞      𝜇  k b  k ≤   ∑  k = 𝜐 ∞      𝜇  k a  k +   ∑  k = 𝜐 ∞    𝜇  k  |     b  k − a  k | ≤ 𝜁 + δ = 1


      g ∈ 𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


      f =   f  𝜐 ∈ 𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


  f  ( z ) =  1    z  𝜐 −  1    𝜇  𝜐   z  𝜐 ,     ( z ∈   E ∗ )  


  f


  𝛿 = 0


  0 <   𝛿 ∗ < 1


  g ∈ ℳ ( 𝜐 )


  g  ( z ) =  1    z  𝜐 −   1 +   𝛿 ∗    𝜇  𝜐   z  𝜐


  g ∈     N ~  𝜐 ,   𝛿 ∗  ( f )


    𝜇  𝜐  |  1    𝜇  𝜐 −   1 +   𝛿 ∗    𝜇  𝜐 | =   𝛿 ∗


      𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  [ 2 𝜐 + 𝛾  ( k − 1 ) + 𝜛   𝛾  ( 𝜐 + 1 ) ]  𝛾  ( 1 − 𝜛 )  ( 𝜐 + 1 )   1 +   𝛿 ∗    𝜇  𝜐 = 1 +   𝛿 ∗ > 1


      g ∉ 𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    𝑵  𝝊 , 𝜹  ( 𝒉 )


  𝛿 =   𝛾   𝜐 2 ( 1 − 𝜛 ) ( 𝜐 + 1 )    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  [ 2 𝜐 + 𝛾  ( 𝜐 − 1 ) + 𝜐   𝜛   𝛾  ( 𝜐 + 1 ) ] 𝜐


      𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 ) ⊂   N  𝜐 , 𝛿  ( h )


      f ( z ) ∈ 𝒦  𝜐  m (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )


    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  ( z )  [ 2 𝜐 + 𝛾  ( 𝜐 − 1 ) + 𝜛   𝛾  ( 𝜐 + 1 ) ]   ∑  k = 𝜐 ∞  k     a  k < 𝛾  ( 1 − 𝜛 ) 𝜐  ( 𝜐 + 1 )    


    ∑  k = 𝜐 ∞  k     a  k ≤   𝛾   𝜐 2  ( 1 − 𝜛 )  ( 𝜐 + 1 )    𝜙  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n )  [ 2 𝜐 + 𝛾  ( 𝜐 − 1 ) + 𝜐   𝜛   𝛾  ( 𝜐 + 1 ) ] 𝜐 = 𝛿


    f  ( z ) ∈   N  𝜐 , 𝛿  ( h ) .  


      𝒦  𝜐  m  (   𝜆 1 ,   𝜆 2 , l , n , 𝜛 , 𝛾 )

