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Abstract—In the present study, we introduce new classes of univalent functions denoted by

Vlm’/1 (a,b,c,a) and Vlm"'L (a,b,c,a,8) by a linear operator. These classes are related to the classes
of starlike and convex functions. This research also discusses several interesting sufficient
conditions involving coefficient inequalities for these classes. Additionally, several new results are
shown after specializing the parameters employed in main results.
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1. Introduction

Univalent functions are defined on the open unit disc, and their study, which began in the early
20th century, is an important part of complex analysis. It has noticed that, there has been plenty of
work in this field. This function is characterized by the fact that such a function is able to be
mapped one-to-one and onto its image. Many scholars investigated some new classes of univalent
function such as the classes of convex and starlike functions. For example, Goodman [1] has
studied the geometric properties of these classes in detail. Additionally, Kaplan [2] introduced a
class of close-to-convex univalent functions and examined their properties. This work opened up a
new perspective for the study of operators and classes in this major. Then new generalized
operators and classes of analytic and univalent functions have been defined by several studies [3—
5]. Many research papers have utilized the same techniques to investigate various problems related
to this area, which can be found in the literature [6—15]. Therefore, the authors of this paper are
interested in sufficient conditions involving coefficient inequalities for functions in new classes.
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Let A denote the class of functions f in the open unit disc
U={z|z| <1;z€C},
given by the normalized power series
f@D)=z+3Yr,a.z"; z€T, (1)
where a;, is a complex number.

The class of univalent function in A represented by S is normalized with the following conditions
fO=7(0)-1=0.

2. Background

Definition 1 [2]: The Hadamard product (or convolution) of two analytic functions fand g, where
fisgivenby (1)and g(z) =z + Y, by 2%, (z € U) denoted by f * g is defined

(f*9)(2) = f(2) * g(2) = z + Xy, ayby z*.

In the following, the linear operator D{M’(a, b)f(z) was introduced by next definition, also this
operator has been used in many of research papers, see [16,17].

Definition 2 [17]: For f € A the operator D;"*(a, b)f(z) is defined by D™ (a,b)f(2): A — A ,
and

=) 4 )

D/ (a,b)f (z)=d(z ) *...xPJ(z ) *zF (a,1;b;2 ) *f (2),

(m)—times

if(m=10,1,2,...),and

DI @b)f ()= ¢ )*..x¢(z) *zF (a,1;b;2)+f (2),

(—m)—times

if (m = —1,-2,...), Thus we have

D" (a,b)f (z):=z +i[1+/1(1k+_11)+1 Jm EZ;’H a.z",

where f € Aand (z€U,b #0,—-1,—-2,-3,...),LA=>0,meZ and
(%) denotes the Pochhammer symbol (or the shifted factorial) defined by:

_F(x+k)_{ 1 fork = 0,x € C* = C/{0}
(e = r(x) kGx+DE+2).x+k-1) for keN,x€eC,
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where I'(x) is the gamma function is defined for all complex numbers except the non-positive
integers.

This linear operator is the generalized form of the following operators:

e D™ (a,b)f(2) =DX*(a,b)f(2) = L(a, b), see [18].

* DX°(B + 1,1)f(2) =DPf(2), B = —1, see [5].

* D' (1,1)f(z) = D™f(z),m € N, see [3].

* DJ"*(1,1)f(2) = D™*f(z),m € N, see [10].

e D™ (1,1)f(2) = D™*(a,b)f(2),m € N, see [4].

* D°(2.2 = V)f (2) =027f(2) = I'(2 = ¥)z" D} f (2), see [19].

Definition 3 [1]: A function f € A is said to be starlike of order a, 0 < a < 1,if

2£1@)
R{m}mx, (z € U). )

The set of such functions is denoted by S*(«).

Definition 4 [1]: A function f € A 1is said to be convex of order, 0 < a < 1, if

2" (@)
R{1+f,—(z)}>a, (z € U). 3)

The set of all such functions is denoted by C(«).
It is easily observed from (2) and (3) that (see, [20])
f(z)eC(a)=zf'(z)eS ().

Definition 5 [21]: Let SP(6, @) denote the subclass of functions f € A which satisfy the condition,

gﬁ{em(zf'(z)_aj}m
S (=) ’
forsome(0£a<1, _?”<9<§ and zE[U).

Definition 6 [1]: The set p € (2 is the set of all functions of the form
p(z) =1+ cz+cz2 + -+ ezl + - =14+ X5, 2%, (z € U),

that are analytic in the unit disk U and R{p(z)} > 0, any function in £ is called a function with
positive real part in U.
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By using the operator Dlml’(a, b)f(z) , we defined two new classes of univalent functions denoted

by V™ (a, b, c,a), V™ (a, b, c,a,6) as in the following sections.

Definition 7: Let Vlm”1 (a, b, c,a) denote the class of A consisting of functions f satisfying the
condition,

I-——+
c c D,’"’ﬂ(a,b)f (z)

SR{ 2 lem,A(a+1,b)f(z)}>a,

where (c #0, 0 < a < 1) and D{M’(a, b)f(z) is defined in definition 2.

Note that, the parametric values a=1,b=1m=0andc=2 and a=2,b=1,m=
0and c =1 we obtain the classes S*(a) and C(a) respectively see [1].

Definition 8: Let Vlm’/1 (a,b,c,a,8) denote the class of A consisting of functions f satisfying the
condition,

sn{e'”[1—3+3Dlmﬂ(f+l’by(z)—a}}>0,
c ¢ D" (a,b)f (z)

for some (0Sa<1, _7”<9<§ and ZE[U).

Note that, Vlm"l(a, b,c,a,0) = Vlm’/1 (a,b,c,a) and Vlm'l(1,1,2, a,0) = SP(0,a) see [2].
Also, we shall need the following lemma in our present investigation.
Lemma 1 [21]: A function p € 2 satisfy the following condition R{p(z)} > 0 if and only

if p(z)i% WeC|¥ =1) and z€ U.

3. Coefficient inequalities for the class /" H(a,b.c,a)

For our main results, we first derive the following:

Theorem 1: 4 function f € A is in the class V,"*(a,b,c,a) if and only if

1+> 4,z =0, 4)
where
1 _Da+k -DIG)A+ Ak =D+ D" [(k =D +ac(l-e)+(k —Dy |
¢ Tk +k -D0@+1)(1+1)" c(l-a) -

c#0,0<a<1and (z eU,b #0,~1,-2,-3,..),4,] >0,m  Z.
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Proof: Let us set

(l_2+20/”"<f+1,by(z>}_a
c ¢ D" (ab)f (z)
-«

pz)=

We find that p(z)e Q and Rp(z)>0,z € U.
By applying Lemma 1, we have

I-—+ -

c c D’””’I(a,b)f(z)J -1
’ Y (weClyl
- v+1

( 2 2D a+Lb)f (2)
):

p(z

which readily yields

(l//+1)Dlm”l(a+1,b)f(z)+[c(1—a)—(1+l//)]Dlm”l(a,b)f(Z) =0
f@)eV/ ab,c,a),yeC,lyl=1,z eU.

1,z €U),

Thus we find that
1+ Ak =D +1Y" (a+1),, & N
(1//+1)(Z+kz_;( = ] o), a,z J+[c(l a)—(1+y)]
(z R (1+/1(k—1)+1)"' @), akzk}to,
Pt 1+1 b)),

which readily gives
c(l—a)z(1+ir(a +k -DIG)(1+ Ak -1)+1)"
- TO+k-DI(@+1)(1+1)"
(k—-D+ac(l-a)+(k -1y
c(l-a)

}akzkl)#:o, (5)

where (v € C,|y |1,z € V).
Dividing both sides of (5) by ¢(1—-«)z we obtain,

1+i1“(a+k ~DIG)(1+ Ak =) +1)" [k =) +ac(1-a)+(k -y
= Th+k-DO@@+)(1+1)" c(1-a)

where (y € C,|y |=1,z € U), which complete the proof of Theorem 1.

Remark 1: The parametric substitutions,
l.a=6+1,b =1 and m =0 yields Lemmal.4, in [22].
2.a=1,b=1,c =2 and m =0 yields Lemma 2, in [21].

In view of Theorem 2, we state and proof the following,

k-1
}akz #0,
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Theorem 2: If f € A satisfies the following condition:

e[ P

Clat)j -DEG)A+AG -D+D" N
;;'Z:' ,Z:' Tot) Drainiaey D U -Dracl=al n=jia,

P
D" (G =D{n=-j|a

4
/ S| D@+ —DEG)YA+AG —1)+1)”
k—n |+|; jz_l r'e+j-DHC(@+)(1+1)"

4
k—n||<c(l1-a),

for some a(0<a<1), B,y R, then f (z)eV,"*(a,b,c,).

Proof: First, we note that
(1-z)? #0, (1+z) %0, (B,yeR,z el).

Hence, if the following inequality

[1+§:Akzk_lj(l—z)ﬁ(l+z)7 20, (B,yeR,z el),

k=2

holds true, then we have that

which is the relation (5) of Theorem 1, we get
(1+ZAkzk_lj[Z(—l)kbkzkj(chzkj;tO, (6)
k=2 k=0 k=0

where, for convenience,

B Y
b,=|k |andc, =| k |.

Considering the Cauchy product of the first two factors of (6) can be rewritten as follows:
(1+ZBkzk_lJ[chzkj¢O, (7)
k=2 k=0

k
where B, =Y (-1)74b,

Jj=l1

Furthermore, by applying the same Cauchy product method in (7), we obtain
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1+i(iBnck_njzk1 #0, (z €U),

k=2\n=1

or written equivalently as

1+ i(z{Z( )"~ A4b, }c” jz 0.

k=2\ n=1| j=1

That is if f € A satisfies the following inequality

z{x A b, } g

<1

- b

that is, if

- ’z[il“(a+j -DIre)A+AG -DH+1)"

C(l )iz = a To+j-Dl@+DA+1)" =D

fo 41y SIS Her s =DEGXL+AG “D+1)"

AU ~Drac-a)la;b STt D@1+ ])

Jon=j

(j_l)bn/ j]ck n| 1

where (0<a <1,y €C,|y |=1,z €U), then f (z) eVl’”’l(a,b,c,a).
This completes the proof of Theorem 2.

Remark 2: In the hypothesis of Theorem 2, for the parametric values
l.a=06+1,b =1 and m =0 yields Theorem 2.1, in [21].
2.a=1,b=1,c =2 and m =0 yields Theorem 1, in [22].
3.a=2,b=1,c=1 and m =0 yields Theorem 2, in [22].
By specializing on the parameters a,b,c,a, 3,y and A and in Theorem 2, we can deduce the

following interesting corollaries.

For a=b=1,c =2 and o =m =0, we have

Corollary 1: If f € A satisfies

w | k| n B e
YD G D n=j |a; || k=n |+

k=2|n=1| j=1

B B Y
> (1)"—1(]—1) n—jla, || k-n|<2,

n=1 j

for some B,y R, then f €S".
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Fora=2,b=c=1and o =m =0, we have,

Corollary 2: If f € A satisfies
o | k n ﬂ 7
DTG+ n=j a, || k—n |+

k=2[n=1| j=1

o | B y
22T G =D n=j a; || k—n (<2,

n=1| j=1
for some B,y e R, then f €C.
Fora=b=1,c=2 and =y =m =0, we have,
Corollary 3 [23]: If f € A satisfies
DYk -a)la, |<1-a,
k=2

for some 0< a <1, then f €S ().

Fora=2,b=1,c=1 and B=y=m =0, we have

Corollary 4 [23]: If f € A satisfies

dk(k-a)|a, |<1-a,

k=2
for some 0<a <1, then f €C ().

Fora=b=1,c=2 and a =B =y =m =0, we have
Corollary 5 [1]: If f € A satisfies

Zk la, <1,

k=2

then f €S".

Fora=2,b=1,c=2 and o= =y =m =0, we have
Corollary 6 [1]: If f € A satisfies

Yka, <1,

k=2

then f* eC.

4. Coefficient Inequality for Functions in the Class V', (a,b,c,a, )
Theorem 3: A function f € A is in the class V,"*(a,b,c,a,0) if and only if
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1+> L,z =0, (8)

where

; _Da+k-Dr@G)(A+Ak-D+D)" (k=1 +ac(1-a)e™ cos O+ (k -1y .
g C(h+k-DC(a+1)(1+1)" ©

and

c(1-a)e™ cos @

c#0,0<a<land (z €eU,h #0,-1,-2,-3,...),A20,m € Z,] 2 0.

Proof: Let us set

eie(l—2+2Dlm’l(erl’b)f(Z)—aJ—i(l—a)sin@
c ¢ D" (ab)f (z)

(1-a)cos@

p(z)=

We find that p(z)eQ and Rp(z)>0,z € U.

From Lemma 1, it follows that,

m,A
ei9(1_2+2Dl (a+15b)f(z)_aJ_i(l_a)sine l
W —

Dm,l b
c c ] (Cl, )f(Z) + , (We(c,“//l:l,z EU),
(1-a)cosb w+1

p(z)=

which readily yields

(z//+1){e"‘9[2Dl"’ﬂ(a +1,b) (z)—[ca+2—cle'’D]*(a,b)f (z)]—i(1—a)D;""(a,b)f (z)sin 9}

#(y —1)(1=a)eD!"*(a,b)f (z )cosb,

where v € C,|yw |=1,z € U.

Or equivalently
2 +1)e’’D" (a+1,b)f (z)—[ca+2—cle'’D*(a,b)f (z)—ylca+2-cle'’D (a,b)f (z)
~i (1-a)eD]"*(a,b)f (z)sin@—iw(1—a)eD;"*(a,b)f (z)sin O

#w(1—a)eD]"*(a,b)f (z)cosO—(1—a)eD;"*(a,b)f (z)cos0,
where y € C,|y =1,z e U.
Further simplification yields,
2 +1)e’’D" (a+1,b)f (z)—[ca+2—cle'’D*(a,b)f (z)—ylca+2-cle’D (a,b)f (z)
~w(1-a)ce'’D]" " (a,b)f (z)+(1-a)ce'’ D" (a,b)f (z)#0,
where y e C,|y =1,z €U,

then,
2 +1)e'’D" (a+1,b)f (z)+[ce™* =y —c +2)e'’ —2ac cos O1D;"* (a,b)f (z) #0,
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where v € C, |y |=1,z € U.

Since a, =a, —1=0, we have

2c(1-a)z cos@(l+ir(a+k -DIG)1+ Ak - +1)"
= TO+k-DO(@+DH(A+1)"

_ -2i0 _ -if
y 2(k =)y +1)+a(ce — 2ace™” cosB+c) a2y %0, ©)
2c(l1—a)e ™" cosd

where y e C,|yw |=1,z e U.
Finally, upon dividing both sides of (9) by 2¢(1—a)z cos#, and noting that
e’ =-1+2¢"cosé,

we get,
1+ir(a+k ~DEG)YA+ Ak =1)+1)"
= To+k-D(@+DH(A+DH"

8 (k=1 +ac(l-x)e 7.9cost9+(k Dy 4, #0,
c(l-a)e™"" cosl

c#20,0<a<land (z €U,b #0,-1,-2,-3,..),4>0,m € Z,] >0.
Which complete the proof of Theorem 3.
Remark 3: The parametric substitutions,
l.a=6+1,b =1 and &=m =0 yields Lemma 3.1, in [3].

2.a=1,b=1,c=2anf=m =0 yields Lemma3, in [2].

Theorem 4: If f € A satisfies the following condition:

s L@+ —DEO)A+AG =D +D" ey s _ 10
kz;lnz;[; T+ —Dr@iisl) D" x[2(j =D +ac(1-a)(1+e™")]

B Y
, & Ta+j —DEGYAI+AG ~D+D"
G 2 |+|;[_,Zl Tb+) —Dra@enaeny ) 20D
B /4

n—ja ]l k—n||<2c(l-a)cos0,

forsome a(0<a<1), —7/2<0<x/2,B,7y€R,

then f (z) eV ,"*(a,b,c,a,0).

Proof: Applying the same method as in the proof of Theorem 2, we observe that /* is in the class

V,’”’A(a,b,c,a, 0) if,
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k n
Z{ D™ ]Lfbn—f:| -’
n=1| j=1

B 4

where, for convenience,b, =| k | and ¢, =| k |,

<1, (10)

the coefficients L, being given as in Lemma 1.
From (10) it follows that,

2 e T(a+j —DIG)A+AG ~D+D"
le(1- a')e cos6>|kzl,,ZZ TGk +j —Dl@+1)(1+1)" =D

=
n

U ~Drae(i=ae ™ costy =Dk, S5 ST

[a+j-DIG)A+AG -D+D)"
ro+j-Die+DH)A+1)"

(=1)"7 X2( ~D+ac(l-a)1+e " )ab, T, |

T(a+j ~DLG)1+AG ~D+)" .
+|w||;[]ZI T U ST S

where (0<a<l1,-7/2<0<xn/2,y eC,|ly =1,z €U),

which implies that £ (z) €V,"*(a,b,c,a, ). This completes the proof.

Remark 4: For 8§ =0, Theorem 3 implies Theorem 2.
Also for the parametric substitutions,
l.a=06+1,b =1and m = (0Theorem3 yields Theorem 3.3, in [21].

2.a=1,b=1,c =2 and m =0 Theorem 3 yields Theorem 3, in [22].

For a=b=1,c =2 and o =m =0, we have

Corollary 7: If f € A satisfies

o | k n ﬁ 7/
DI YT G e n—j a, || k—n |+
k=2|n=1| j=1
1 B y
DI DTG =D n—j|a, || k—n |<2cosb,
n=1| j=1

forsome a(0<a<1), —7/2<0<x/2,B,y €R, then f (z)eSP(0,0).
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Conclusion

This study has showed and proved some sufficient conditions for functions defined by a linear
operator. The work is also completed by remarking that the presented results can be used to

investigate some properties of subclasses of analytic functions satisfying certain coefficient
inequality.
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