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Abstract—Fractional differential equations is an effective technique to test theories, validate
experimental findings, and represent the dynamics of complex systems. There are different
generalizations of the logistic differential equations that have been considered. Since the linear and
nonlinear nature of the logistic differential equation, various methods are input to obtain a solution.
In this paper we present a generalization of the logistic differential equation, which guarantees and
improves this generalization as special cases. This work aims to study the Elzaki homotopy
perturbation method (EHPM) to solve the nonlinear logistic differential equation with Caputo
derivative and the time delay. In conclusion, the numerical results showed that this method is easy
to implement, convergent, and effective for solving this type of fractional differential equations.
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1. Introduction

Fractional calculus has been employed in many different domains, such as engineering, physics,
applied mathematics, biology, and mechanics. It has recently been used to demonstrate facts [1,2].
For the majority of the function's history, fractional derivatives are more interesting. The Riemann-
Liouville and Caputo definitions are just two examples of the many functional derivatives that are
provided in the literature [3.4]. Pierre Verhulst initially examined the following population growth

model [5], 4N/ —ena-N/ ) where N (r)is population at time -, and &>0 is Malthusian
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parameter describing growth rate and kK is carrying capacity. Defining g:N& yields the
differential equation that follows d%fzg{ (1-¢), which is called as logistic equation. The

logistic equation of fractional order has been discussed in the literature [6-8] as follows
oD/ (r)=€¢(7)(1-¢ (7)), where Caputo fractional derivative of order o<y <1.In [9,10], a broad

and more logistic model (D¢ (r)=¢¢(z)(1-<(p7)), which involves the Caputo—Fabrizio fractional
derivative and proportional time delay, 0<p<1,where pe[0,1]. Recently, the use of fractional

differential equations in non-linear dynamics has received significant attention in recent literature.
Researchers have shown strong interest in solving nonlinear fractional differential equations with
time delay and applying them to logistic models involving the Caputo derivative, which is one of
the most important and intriguing topics in the field [11-16]. The Homotopy Perturbation Method
(HPM) [17,18] is a general technique for solving fractional ordinary differential equations
(FODESs). This approach was first presented by He [19]. The HPM is a combination of homotopy
and perturbation methods. Several studies [20-23] have demonstrated that the Elzaki transform may
be used for partial differential equations, ordinary differential equations, systems of ordinary and
partial differential equations, and integral equations. This study presents a logistic model with the
Caputo-fractional derivative and time delay. The model incorporates and improves some existing
models as special cases. The study demonstrates a hybrid homotopy perturbation Elzaki Transform
method (HPETM) approach for solving nonlinear delay fractional differential equations, with an
application to the logistic model. In order to demonstrate that the approximate analytical method
produces a reliable solution, the paper presents some numerical approximations using MATLAB
2013 and arbitrary parameter choices. It also illustrates the dynamics of the logistic differential
equation, which are determined by the Caputo-fractional derivative and time delay.

2. Preliminary to Illustrate Key Concepts and Definitions

We begin by defining the Elzaki transform and the Caputo-fractional derivative, which will be
used throughout this work.
Definition 1 [3-4]: The Riemann-Liouville fractional integral of order >0, of a function

¢ eC,,o>-1 1s defined as:

e@= s Eorna (1)

Definition 2 [3-4]: Let {eC,,neNu{0}. The Caputo fractional derivative of ¢ in the Caputo
sense is defined as follows:

! h n=y=1 =(n
%Dryé’(’[): r*(n—_}/)'(‘)‘(r_t) é’( )(t) dt, n_1<}/§n’

)
D {(z), y=n.
Definition 3 [ 20]: Elzaki transform over a group of functions 4 is defined
A={{@/IN, ty, t; >0, 0@ <N E (y)zf 7€ (-1)' x 0,00)} 3)
By integration that follows:
E[0](9)= Ie% C@ dr. t>0, (4)
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where 9is a Elzaki transform parameter.

The following are some of the Elzaki transform's special properties:
S[1]=9,
e ] g (5)
F( m + 1) .

Definition 4 [20]: The Elzaki transform for the Caputo fractional derivative for 0<y <1is defined

as:

S |:((;DT}/ 4(1)]( 9)= E [gffﬂ _"z:l*‘lgk—m £ (0), (6)

3. Analysis of Homotopy Perturbation Elzaki Transform Method (HPETM), Uniqueness and
Convergence

3.1 Analysis of Homotopy Perturbation Elzaki Transform Method (HPETM)

In Caputo operator sense, consider the following, a general nonlinear fractional differential
equation with initial condition:

DI S(D+LL(@)+NS()=g(7), 0<y<L (7)
subject to the initial condition
¢ (0)=¢, (o), (8)

where (D! is theyorder fractional Caputo derivative, ¢ is the unknown function, L and N are
linear and nonlinear operators, and ¢ is the source term.
Applying the Elzaki transform to both sides of the Equation (7)

E[$DI¢{(@+L{@+NE@]|=E[g(n)], ©)
Using Definition 2.4 and Equation (8) in Equation (9), gives
E[¢@)]=¢O0)+F E[g(0)-L{()-N{(1)]. (10)
Using the inverse Elzaki transform to both sides of the Equation (10)
C(T)=E’l[[§(0)+z9yE[g(f)—LC(T)—NC(T)]- (11)
Now we apply the HPM
£(7)=24"¢, (7). (12)
The nonlinear term is decomposed as:
N{(T):’:Z;;)qum. (13)

For some Adomian’s polynomials B, that are given by [24]

g -4 {N(iq';iﬂ . m=0,12,... (14)
=0 =0

m !dqm

Substituting Equation (12) and Equation (13) in Equation (11), we get,
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gq "C0a()=¢O+q(E[[87 Elg ()L [Zq ", (r)j—zv (Zq "B, m (15)

Equating the terms with identical powers of ¢ yields the following equations:

q°:¢,(r)=£(0),

q':¢, (z’)zE-l[SVE [g(r)—L §0(1)—NBOH,
(16)
qz:é'z(z'):E’l[S’E [g(z')—L <, (T)—NBI:H,

q" ¢ (r)=E"[$E[g(n)-L¢, (r)-NB, ].

By following the same procedure, the remaining components ¢ (7)may be obtained, and the series

solution is thus completely defined. Using truncated series, we approximate the analytical solution
as follows:

£(e)=Jim "¢, (c). (17)

3.2 Uniqueness Theorem
Let B = A(Q, R)denote the Banach space of all the continuous functions ¢ on Q=Rx[0,T |

s(z). (18)

with the norm nom || £ (7)| = max

Theorem 3.1: Suppose that Land n~ are also Lipschitzion with |L{-L&<A,|¢-¢ and
ING-N¢|<a,|¢—¢| where 4and 2 are Lipschitz constants. ¢ and gzare two different function
values. Then the solution (17) is a unique solution for equation (7).

0<(2,+4,)97 <1
Proof: At the beginning, we define the operator f : B — B where
Cua(D)=C, ()+E[FE[g(0)-LS, (1)-NS, (7). (19)

In order to investigate the existence and uniqueness of the solution to equation (7), we use Banach
fixed point theorem. For this, let £, £ B, we have

If g1 él=max|E [ E[L¢+N ¢]-E"[97E[L&+N £]],
EV[SE[Le-Le][+E [9EN ¢-N £]]),
<max|2, B [$E[|¢-¢[]]+ 2, BV [9E[|¢ 4[] (20)
<max|(2,+2,)E " [97E[|£-4]]],
=(/11 +/12)97*2 ¢ -¢l.

f 1s a contraction as 0 < (ﬂ] +2, )9“2 <1, from the Banach fixed point theorem.

=max
e Q

3.3 Convergence Theorem
Theorem 3.2: Let ¢, (r)and ¢, (r)be in Banach space B. If there exists a positive constant
§=(2,+4,)9"* (0. 1)such that ¢, (@)|<5]¢, (@) for all e with |£,(2)-&,(2)| <o then the
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sequence defined by Eq. (17) with ¢, () = £(0)converges to £(z), 1.e the exact solution of Eq. (7).
Proof: To prove this theorem, it suffices to show that ¢ (r)is the Cauchy sequence in Banach space
B

¢, @) ~¢,, ()] =max

¢, (0-¢, (),

< max
e Q

E7[$E[LS, (04N, (z’)ﬂ ~EV[9E[LS,(0)+NE, (T)ﬂ‘,
ENE[LE, -1, ||+ B [9E[L6,0-N ¢, @]] 1)
(’11 Jr}bz)]fl [‘WE U S —§m|ﬂ‘,

=(2,+2,) 97| ¢,-¢.|

< max
e

< max
7€ Q)

Let n =m +1,then
|¢0a(=¢,@|<6]¢, @<, @) <8¢, @S, @) <<5" | @<, (22)
5=(2,+4,)9"". (23)

From the triangle inequality, we have

¢, @<, @|=]¢0i@=¢, @D+¢,n(@D=¢, 0@ ++¢, @4, @)

i@ =E, @)+ €@ =@ ++| ¢, @ -¢, @)

$@ =&+ [ $ 1@ =@+ +5" |41 ()=, () 24)
=5" (148 ++8""")| ¢, =¢, ()|

<|

35m|

L(1=5""
<5 [ S ]llcl(r)—co(r)n.

Since 0<5<1,80 1-6"" <1,then
|¢,0-¢,@]=5" [1‘1‘f5 JII =&, (25)
But | ¢,()=¢, (7)<, then |¢,(0)-¢, ()| >0as n s We conclude that {¢,(r)}is a Cauchy

sequence in the Banach space B.Therefore the sequence converges.

4. Applications

This study considers the logistic differential equation with a Caputo fractional derivative of
order y and the proportional time delay. Consider

$D/¢(r)=e()1-¢ (o)), P20, (26)
With the initial condition
£o(r)=x. (27)

p €[0,1], which is the initial population. When p>0 or p=1,a pantograph-type equation is obtained
in (26), differential equations with variable delay ¢=¢(r)is obtained, where ¢(r)=(1-p)r with
t(r)>0. The special case of delay differential equations with changing delay for 0<p<1 is
Equation (26).

Case 4.1. Consider p=0, Equation (26) gives

D¢ (r)=e(1-Kx)¢(7), &o(r)=x (28)

The exact solution of Eq. (28) is given:
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{(r)=xE (S(I—K)Ty). (29)

To solve the linear fractional ordinary differential equation (28) using the homotopy perturbation
Elzaki transform method, apply the recursive formula from equation (15).

40(7):’(7

Coa(z)=2 (1=x)E7 [ $E[ ¢, (c)]];m =012, .. (30)

If the recursive solution in equation (30) is described, then based on equation (5) and the inverse of
Elzaki transform, the following solution is obtained:

é’o(r)zlc,

¢i(r)=ex(1-x)E™! [SyE [I]ngrc(l—ic)E’l [Sy*z]:src(l—K)r(;Jrl),
S (r)=e,(1-x) E™ [8’E {ﬁﬂza‘z/{(l—/{)zEl [192“2]252/((1—1()2 I“(;/+1)’ 31
3 _ 3 T37
¢(r)=¢e’k(1-x) —F(37+1)’
4 _ 4 74}/
¢i(r)=¢k(1-x) T
Thus, the following approach solutions are obtained:
¢(7)=¢o(7)+¢i(7)+ o ()4
3 T ) SR 5o T P S (32)
_K+g/c(1—1c)m+g K(I—K) m+g K(l K) F(3]/+l)+$ K(l K) F(4y+l)+ .
Case 4.2. Consider p=1, Equation (26) gives
WD/ (1) =24 (0)(1-¢(7): &o(r)=x (33)
The exact solution of Eq. (33) is given:
C(r)= (34)

(I—K)(e’”)+/<'

To solve the linear fractional ordinary differential equation (33) using the homotopy perturbation
Elzaki transform method, apply the recursive formula from equation (15).

$o(7)=x,

Coale)=cE7 [PE[ ¢, (c)-B, ||, m=0,12,... (35)
The nonlinear term is represented by

N($)=¢" (36)
Using equation (36) in equation (14), we obtain

B, =¢i (7). B, =24,(r)¢i (7). B, =28,(2)¢,(2)+<7 () (37)

If the recursive solution in equation (35) is described, then based on equation (5), equation (36) and
the inverse of Elzaki transform, the following solution is obtained:
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1— r
6/(e) =2 [9E [, (0)-B, ]| =B [97E £, (r)-¢2 (7)]|~ex(1-x)E ' [87 ] - %

C(r)=’E7 [WE[C(0)-B,]]= "B [97E[£,(v)-26, (1)<, (7) || &7k (1-x) (1-26) E ' [ 9777 ]
B SZK(l—K‘) (1—21()12’
F(2)/+1)

331((1—1()( (1—2K)2F2(7+1)—K(1—K) F(2y+1))r37

43(7): [‘2(7/+1)F(37/+1) ’ (38)
o (18 (20T 2y ) 2P G D) i) (1-26) T (1) £
i(r)= T2 (y+1)T(2y +1) T (47 +1) " T2 (y+1)T(47+1) '

Thus, the following approach solutions are obtained:

S(7)=Co(2)+ & (0)+ &y (2) +-
gl((l—K)r7 52,((1—1() (1—21()127 N 531((1—/()( (1—2K)2r2(y+1)—K(1_K) F(27+1))T3y

- r(y+1) r(2y+1) I (y+1) (37 +1) (39)
ek (1-x) " (1-26)(0(2p +1) =20 (37 +1)0(y +1)) 7" Letx(i-x) (1-2x)°T (7 +1) ¥
F*(y+1)T(2y+1)T(4y+1) I (y+1)T(4y+1)
Case 4.3. Consider 0< p<1, Equation (26) gives
WD/¢(7)=e¢(7)(1-¢ (7). &o(7)=x (40)

To solve the linear fractional ordinary differential equation (40) using the homotopy perturbation
Elzaki transform method, apply the recursive formula from equation (15).

4:0(7):/(,
Coi (7 =5E’1[97E[§m (r)-B mﬂm =0,1,2,.... (41)

The nonlinear term be represented by
N($)=¢*(pr) (42)

Using equation (42) in equation (14), we obtain
B, 24102(7)9 B, 224/0(7) ¢, (p?:), B, =2§0(T) élz(pf)“'é,lz(pr)a“" (43)

If the recursive solution in equation (41) is described, then based on equation (5), equation (42) and
the inverse of the Elzaki transform, the following solution is obtained:
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50(7):’@
¢ (r)= l[gyE[Co(r)—Boﬂngl[gyE[go(r)—Coz(r)ﬂzgK(I—K)E1[9’”]2%
EK ’(1—1{)1’
put ¢, (PT)ZW
$i(e)=e?E7 9 E[G(0)-B, || =B [97E[£1(7)-2¢, () €1 (p7) ]
:gzK(1—K)(1—2K)E*1[192“2]=g K(l_’;)((zly_fll;p ): ;
e’k p? (I—K) (l—21cp’)z'2y
put &:(p7)= r(2y+1) ’
3K(1_K)( (1-2x p7) T2 (y +1)=x (1) pwr(zm))w
&)= () TGy )
((e)= gk’ (1—/()2(1—2Kp3’)p2y(F(2y+1)—2p3yF(37+1)F(7/+1)) I
T M2 (y+1) T(2y+1) T (47 +1)
gx(l-x) (1-2x p7) T (y+1) ¥ (44)
’ T2 (1) (47 +1) '
Thus, the following approach solutions are obtained:
S(r) =0 (r)+40(e)+¢ (f)+--' ( )
o) k) (1-2x p7) 7 &'k (1-x) (1—21(,07) H(y+1)-x(1-&) p¥ T(2y+1)| 2%
- (]/+1) r(27+) ' F (1) T(37+1) 45)
P (1-x (1 2/(,037) (F 27+1)-2p " T(3y+1)0 (7/+1))r4’ +5 fr(1- K)(l 2/<p) Hy+1) ¥ N
T3 (y+1)T(27+1)T(4y+1) T2 (y+1)T(4y+1) '

—+— Exact sol. y =1
—H— App.sol.y=1
App. sol. y =0.75
App. sol. y = 0.5
App. sol. y = 0.25

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T

Figure 1. 2D-Surface behavior of the Sth HPETM and the exact solution for Eq. (32), when
=[0,1], £, (7)=0.85 and £ =0.5 for diverse y.
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0.91

0.9

0.89 -

T

= 0.8

—#— Exactsol. y=1
—H— App.sol.y=1
App. sol. y = 0.75
App. sol. y = 0.5
App. sol. y = 0.75

0.87

0.86

0.85L7

Figue 2. 2D-Surface behavior of the Sth HPETM and the exact solution for Eq. (39), when
r=[0,1],¢,(r)=0.85 ande=0.5 for diverse y.

091
0.9F
0.89~
= 088
0.87 —F— App. sol. y = 1and p = 0.001
App. sol. y = 0.75 and p = 0.001
0.86 App. sol. y = 0.5 and p = 0.001
' App. sol. y = 0.25 and p = 0.001

0 0.1 0.2 0.3 0.4 0.5 06 07 08 09 1
T

Figure 3. 2D-Surface behavior of the 5th HPETM for the logistic model with fractional derivative and time
delay for Eq. (45), whenz =[0,1], £, (7)=0.85 and & = 0.5 for diverse y.

0.85
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0.91r
0.9
0.89
= 0.88~
0.87
—%— App. sol. y =1 and p = 0.01
App. sol. y =0.75 and p = 0.01
0.86 App. sol. y =0.5and p = 0.01
App. sol. y =0.25 and p = 0.01

0.85" : : : : : : : : : :
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T

Figure 4. 2D-Surface behavior of the 5th HPETM for the logistic model with fractional derivative and time
delay for Eq. (45), whenz =[0,1], £, (7)=0.85 and & =0.5 for diverse y.

0.92
091
0.9
0.89 -
C
o
0.88
0.87 sol. y=1and p =0.25
App. sol. y=0.75and p = 0.25
App. sol. y=0.5and p = 0.25
0.86 - App. sol. y = 0.25 and p = 0.25

085 r r r r r r r r r L
0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1

T

Figure 5. 2D-Surface behavior of the 5th HPETM for the logistic model with fractional derivative and time
delay for Eq. (45), whenz =[0,1], £, (7)=0.85 and & =0.5 for diverse y.

5. Numerical and Graphical Discussions

In this section, we demonstrate the agreement between the approximate and exact solutions
obtained using the Homotopy Perturbation Elzaki Transform Method (HPETM). This agreement is
evident in the graph discussions. Selecting the parameters &=0.5, x=0.85and using MATLAB

2013. Fig. 1 illustrates the exact and approximate solutions for the fractional logistic differential
equation given in Egs. (29), (32), which solve Eq. (28) for different values of y=0.25,0.5,0.75,1, and

the parameter p=0. Fig. 2 illustrates the exact and approximate solutions for the fractional logistic

differential equation given in Egs. (34), (39), which solve Eq. (33), for different values of
7=0.25,0.5,0.75,1, and the parameter p=1. Fig. 3, 4 and 5 illustrate the approximate solutions for the

fractional logistic differential equation and time delay pe<(0,1) given in Eq. (45), which solves Eq.
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(49) respectively, for different values of y=0.25,0.5,0.75,1, and the parameter ,=0.001,0.01, 0.25. The

findings obtained in Egs. (32), (39), and (45) are comparable to those produced by Sumudu
decomposition method (SDM), Adams-type predictor—corrector method (ATPCM), variational
iteration method (VIM) and the finite difference method (FDM). Finally, the findings show that the
homotopy perturbation Elzaki transform method (HPETM) is a superior development of previous
numerical approaches.

6. Conclusion

In this paper, the homotopy perturbation Elzaki transform method (HPETM) is effectively and
convergently applied for the logistic differential equation with the Caputo-fractional derivative and
time delay pe(0,1). The outcomes are in good comparison to those of SDM, ATPCM, VIM and

FDM. Finally, the findings show that the HPETM is a superior development of previous numerical
approaches.
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