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Abstract—This paper contains a Kubiaczyks fixed point theorem for weakly continuous solutions of a 

Volterra-Stieltjes integral equation in nonreflexive Banach spaces. The Kubiaczyk's fixed point theorem is 

applied to establish the existence of a solution. A compactness type condition in connection with the weak 

topology is used. The existence is proved by defining an integral operator 𝐹 which is shown to be weakly 

sequentially continuous on a closed, convex, and equicontinuous subset 𝑄 of weakly continuous functions 

𝐶𝜔. The measure of weak noncompactness 𝛽 is a crucial tool in this proof.  As an application, the existence 

of a weakly continuous solution for Cauchy problems in Banach spaces is deduced. It is also shown that a 

fractional integral equation in the sense of weakly Riemann is a special case of the integral equation of 

Volterra -Stieltjes type. This leads to the existence of weak solutions in 𝐶𝜔 for Cauchy problems involving 

the fractional Caputo weak derivative.   

Keywords—Cauchy problem; Volterra-Stieltjes integral; weak continuity; Measure of weak 

noncompactness 

 

1. Introduction and Preliminaries 

 Let 𝐸 be a nonreflexive Banach space with norm ‖∙‖  with its dual 𝐸∗,  and we will denote by 

𝐸𝜔 = (𝐸, 𝜔) = (𝐸, 𝜎(𝐸, 𝐸∗)) the space 𝐸 with its weak topology. Denote by 𝐶[𝐼, 𝐸𝜔] the Banach 

space of weakly continuous functions from 𝐼 = [0, 𝑎] to 𝐸𝜔 endowed with the topology of weak 

uniform convergence. 

Consider the integral equation of Volterra-Stieltjes type 

                      𝑥(𝑡) = 𝑝(𝑡) + ∫ 𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠𝑔(𝑡, 𝑠), 𝑡 ∈ 𝐼
𝑡

0
.                                                    (1) 

The integral equations of Volterra-Stieltjes type in Banach spaces have been developed 

extensively. Such equations serve as fundamental models for various phenomena in applied 

mathematics and physics, often linking existence results to the analysis of differential equations and 

their fractional counterparts. A key application derived from the study of this integral equation is 

the existence of a weakly continuous solution for Cauchy problems in Banach spaces. 

The integral equations of Volterra-Stieltjes type in Banach spaces have been developed 

extensively.  However almost all of the work was done using the strong topology (see, for example, 

[1–8]) while the study of our problem involving the weak topology is lagging behind. 
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The results of Szep [9] and Salem and El-Sayed [10] were extended to nonreflexive Banach 

spaces by Boundourides [11], Cramer et al. [12] and   by Agarwal et al. [13,14]. 

Recently, in [15] and [16] the authors studied the existence of weak solutions in reflexive 

Banach spaces for the Volterra-Stieltjes integral equation (1), where 𝑓 is assumed to be weakly-

weakly continuous. 

Here we are concerned with the Volterra-Stieltjes integral equation (1). The existence of weak 

solutions in  𝐶𝜔 of the integral equation (1) in the nonreflexive Banach space 𝐸 is proved. As 

applications of our result, we show that a fractional integral equation in the sense of weakly 

Riemann is a special case of the integral equation of Volterra-Stieltjes type (1). 

Moreover, in this study we deduce the existence of weak solutions in 𝐶𝜔for the Cauchy problems 

        𝐷𝜔
𝛼𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡)), 𝑥(0) = 𝑥0, 𝑡 ∈ (0, 𝑎]                                                        (2) 

where 𝐷𝜔
𝛼𝑥(. ) is the fractional Caputo weak derivative of the function 𝑥 ∶  𝐼 →  𝐸. 

                               
𝑑𝑥

𝑑𝑡
= 𝑓(𝑡, 𝑥(𝑡)), 𝑥(0) = 𝑥0, 𝑡 ∈ (0, 𝑎]                                                    (3)    

Now, let 𝑟 >  0 be given and define the set 

𝐵𝑟 = {𝑥(𝑡)  ∈  𝐸; ‖ 𝑥‖0 ≤ 𝑟}. 

Lemma 1: Let 𝑓 ∶  𝐼 ×  𝐵𝑟 →  𝐸 be weakly-weakly continuous, then 

• For each  𝑡 ∈  𝐼;  𝑓(𝑡, . ) is weakly continuous, hence weakly sequentially continuous (see 

[17]), 

• For each weakly continuous  𝑥 ∶  𝐼 →  𝐵𝑟;  𝑓(. , 𝑥(. )) is weakly continuous on  𝐼  (see [18]), 

• 𝑓 is norm bounded, i.e. there exists an  𝑀𝑟 such that   ‖𝑓(𝑡, 𝑥)‖  ≤   𝑀𝑟 for all  (𝑡, 𝑥)  ∈

𝐼 ×  𝐵𝑟 (see [9]). 

 

Assume that a nondecreasing function which is continuous  ℎ ∶ 𝑅+ → 𝑅+  satisfies the 

following conditions 

𝐴1) ℎ(0) = 0 

𝐴2)  𝑧(𝑡) = 0 is the unique continuous solution of the integral inequality 

𝑢(𝑡) ≤ ∫ ℎ(𝑢(𝑠))
𝑡

0

𝑑𝑠𝑔(𝑡, 𝑠), 𝑡 ∈ 𝐼 

Satisfying the condition  

𝑢(0) = 0 

Proposition 1: Let 𝐸 be a normed space with 𝑦 ∈ 𝐸, 𝑦 ≠ 0.  Then there exists a 𝜑 ∈ 𝐸∗ with 

‖𝜑‖ = 1 ,  ‖𝑦‖ = 𝜑(𝑦). 

Further on, denote by 𝑚𝐸 the family of nonempty and bounded subsets of  𝐸. 
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In this paper by a measure of weak noncompactness, we will understand a function  𝛽. 

1. 𝛽(𝐴) = 0 ⇔  𝐴 is relatively weakly compact in 𝐸, 

2. 𝐴 ⊂ 𝐵 ⇒ 𝛽(𝐴) ≤  𝛽(𝐵), 

3. 𝛽(𝐴 ∪ {𝑥}) = 𝛽(𝐴), 𝑥 ∈ 𝐸,  
4. 𝛽(𝜆𝐴) = |𝜆|. 𝛽(𝐴), 𝜆 ∈ 𝑅,  
5. 𝛽(𝐴 + 𝐵) ≤ 𝛽(𝐴) + 𝛽(𝐵), 

6. 𝛽(𝐴 ∪ 𝐵) ≤ max(𝛽(𝐴), 𝛽(𝐵)). 

It is necessary to remark that if  𝛽 has these properties, then the following lemma is true. 

Lemma 2 ([19,20]): Let 𝑉 ⊂ 𝐶𝜔 be a family of strongly equicontinuous functions. Then the 

function 𝑡 ↦ 𝑣(𝑡) = 𝛽(𝑉(𝑡)) is continuous and  𝛽(𝑉(𝐼)) = sup {𝛽(𝑉(𝑡)): 𝑡 ∈ 𝐼}. 

Now we have the following Kubiaczyk's fixed point theorem that will be needed in this paper (see 

[21])   

Theorem 1: Let 𝑄 be a closed convex and equicontinuous subset of a metrizable locally convex 

vector space 𝐸 and let 𝐹 be a weakly sequentially continuous mapping of 𝑄 into itself. Suppose that 

for some 𝑥(∙) ∈ 𝑄, the following implication holds for every subset 𝑉 ⊆ 𝑄: 

              𝑉̅ = 𝑐𝑜𝑛𝑣̅̅ ̅̅ ̅̅ ̅(𝐹(𝑉) ∪ {𝑥}) ⇒ 𝑉                                                                       (4)    

 and that these sets are relatively weakly compact. Then 𝐹has a fixed point.  

 2. Volterra-Stieltjes integral equation 

 Let us denote by 𝐽 = [0, 𝑇] where 𝑇 = min {𝑎,
𝑟

𝑀𝑟
}   and 𝐶𝜔 = 𝐶[𝐽, 𝐸𝜔]. We begin this section by 

using Theorem 1 to establish existence of weak solutions 𝑥(∙) ∈ 𝐶𝜔𝑚for the Volterra-Stieltjes 

integral equation (1) will be sought in the nonreflexive Banach space 𝐸. 

By a weak solution to (1) we mean the weakly continuous function 𝑥 which satisfies the integral 

equation (1). This is equivalent to finding 𝑥(∙) ∈ 𝐶𝜔with  

𝜑(𝑥(𝑡)) = 𝜑 (𝑝(𝑡) + ∫ 𝑓(𝑠, 𝑥(𝑠))𝑑𝑠𝑔(𝑡, 𝑠)
𝑡

0
) , 𝑡 ∈ 𝐼. 

Denoted Ʌ by 

Ʌ = {(𝑡, 𝑠): 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇}. 

To facilitate our discussion, let us first state the following assumptions: 

i. 𝑝: 𝐼 → 𝐸 is weakly continuous. 
ii. The function 𝑓: 𝐼 × 𝐵𝑟 → 𝐸 is weakly-weakly continuous. 

iii. The function 𝑔: Ʌ → 𝑅  is continuous on Ʌ. 

iv. The function 𝑠 → 𝑔(𝑡, 𝑠) is of bounded variation on [0, 𝑡] for each fixed 𝑡 ∈ 𝐽. 

v. For any 𝜖 > 0 there exists 𝛿 > 0 for all 𝑡1, 𝑡2 ∈ 𝐽 such that 𝑡1 < 𝑡2 and 𝑡2 − 𝑡1 ≤ 𝛿 the 

following inequality holds            

⋁ [𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠)] ≤ 𝜖
𝑡1
0 . 
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vi. 𝑔(𝑡, 0) = 0 for any 𝑡 ∈ 𝐽. 

 

 Obviously, we will assume that 𝑔 satisfies assumptions (iii)-(v). For our purposes we will only 

need the following lemmas. 

Lemma 3 [7]:  The function 𝑧 → ⋁ 𝑔(𝑡, 𝑠)𝑧
𝑠=0  is continuous on [0, 𝑡] for any fixed  𝑡 ∈ 𝐽. 

Lemma 4 [7]:  For an arbitrary fixed 0 < 𝑡2 ∈ 𝐽 and for any 𝜖 > 0, there exists 𝛿 > 0 such that if 

𝑡1 ∈ 𝐼, 𝑡1 < 𝑡2, 𝑡2 − 𝑡1 ≤ 𝛿                                                                                                     

then  

⋁ 𝑔(𝑡2, 𝑠)
𝑡2
𝑠=𝑡1

≤ 𝜖. 

Lemma 5 [7]:  The function 𝑡 → ⋁ 𝑔(𝑡, 𝑠)𝑡
𝑠=0  is continuous on 𝐽. Then there exists a finite positive 

constant 𝐾 such that 

𝐾 = sup {⋁ 𝑔(𝑡, 𝑠) ∶ 𝑡 ∈ 𝐽𝑡
𝑠=0 }. 

First, we shall show the following main theorem, 

Theorem 2:  Under the assumptions (i)-(vi), if 

𝛽(𝑓(𝐽 × 𝑋)) ≤ ℎ(𝛽(𝑋)) 

for each 𝑋 ⊂ 𝐵𝑟 , 𝐽 ⊂ 𝐼, then there exists at least one weak solution 𝑥(∙) ∈ 𝐶𝜔. 

Proof: We define the integral operator 𝐹: 𝐶𝜔 → 𝐶𝜔associated to the integral equation (1) by 

       𝐹𝑥(𝑡) = 𝑝(𝑡) + ∫ 𝑓(𝑠, 𝑥(𝑠))𝑑𝑠𝑔(𝑡, 𝑠)
𝑡

0
, 𝑡 ∈ 𝐽                                                        (5) 

 According to Lemma 1 for every weakly continuous function  𝑥(. ), 𝑓(. , 𝑥(. )) is weakly 

continuous, means that 𝜑(𝑓(. , 𝑥(. ))) is continuous, for any 𝜑 ∈ 𝐸∗, 𝑔 is of bounded variation. 

Hence 𝑓(. , 𝑥(. )) is weakly Riemann-Stieltjes integrable on 𝐽with respect to 𝑠 → 𝑔(𝑡, 𝑠). Thus 𝐹 

makes sense.   

Now, define the closed, convex, bounded, equicontinuous set 𝑄 of all weakly continuous 

functions  𝑥(∙): 𝐽 →  𝐵𝑟 such that 

‖𝑥(𝑡2) − 𝑥(𝑡1)‖ ≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + 𝑀𝑁𝜖 + 𝑀 ⋁ 𝑔(𝑡2, 𝑠)

𝑡2

𝑠=𝑡1

 

For notational purposes‖𝑥‖0 = 𝑠𝑢𝑝𝑡∈𝐽‖𝑥(𝑡)‖. 

 We claim that 𝐹: 𝑄 →  𝑄 is weakly sequentially continuous and  𝐹𝑄  is weakly relatively 

compact. Once the claim is established, then Theorem 1 with 𝐶𝜔  guarantees a fixed point of  𝐹, and 

hence (1) has a solution in 𝐶𝜔. 
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First, we show that 𝐹𝑄  is an equicontinuous. Let 𝑡1, 𝑡2 ∈  𝐼, 𝑡2 >  𝑡1, 𝑥(. ) ∈  𝑄, without loss of 

generality, assume 𝐹𝑥(𝑡2) − 𝐹𝑥(𝑡1) ≠  0 

‖𝐹𝑥(𝑡2) − 𝐹𝑥(𝑡1)‖ = 𝜑(𝐹𝑥(𝑡2) − 𝐹𝑥(𝑡1))

≤ |𝜑(𝑝(𝑡2) − 𝑝(𝑡1)| + |∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))𝑑𝑠𝑔(𝑡2, 𝑠)
𝑡2

0

− ∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))𝑑𝑠𝑔(𝑡1, 𝑠)
𝑡1

0

| 

≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + |∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))𝑑𝑠𝑔(𝑡2, 𝑠)
𝑡1

0

+ ∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))𝑑𝑠𝑔(𝑡2, 𝑠)
𝑡2

𝑡1

− ∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))𝑑𝑠𝑔(𝑡1, 𝑠)
𝑡1

0

| 

≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + |∫ 𝜑(𝑓(𝑠, 𝑥(𝑠))) 𝑑𝑠[𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠) ]
𝑡1

0

| + |∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))𝑑𝑠𝑔(𝑡2, 𝑠)
𝑡2

𝑡1

| 

≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + ∫ |𝜑 (𝑓(𝑠, 𝑥(𝑠)))| 𝑑𝑠 [⋁(𝑔(𝑡2, 𝑧) − 𝑔(𝑡1, 𝑧)

𝑠

𝑧=0

) ]
𝑡1

0

+ ∫ |𝜑 (𝑓(𝑠, 𝑥(𝑠)))| 𝑑𝑠[⋁ 𝑔(𝑡2, 𝑧)

𝑠

𝑧=0

] 
𝑡2

𝑡1

 

≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + 𝑀𝑟 ∫ 𝑑𝑠 [⋁(𝑔(𝑡2, 𝑧) − 𝑔(𝑡1, 𝑧)

𝑠

𝑧=0

)]
𝑡1

0

  + 𝑀𝑟   ∫ 𝑑𝑠[⋁ 𝑔(𝑡2, 𝑧)]

𝑠

𝑧=0

𝑡2

𝑡1

   

≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + 𝑀𝑟 ⋁(𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠))

𝑡1

𝑠=0

+ 𝑀𝑟[⋁ 𝑔(𝑡2, 𝑠)

𝑡2

𝑠=0

− ⋁ 𝑔(𝑡2, 𝑠)

𝑡1

𝑠=0

] 

≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + 𝑀𝑟𝑁(𝜖) + 𝑀𝑟 ⋁ 𝑔(𝑡2, 𝑠)

𝑡2

𝑠=𝑡1

 

Where 

𝑁(𝜖) = sup {⋁(𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠))

𝑡1

𝑠=0

:  𝑡1, 𝑡2 ∈  𝐼, 𝑡2 >  𝑡1, 𝑡2 − 𝑡1 ≤ 𝜖} 

Hence 

           ‖𝐹𝑥(𝑡2) − 𝐹𝑥(𝑡1)‖ ≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ + 𝑀𝑟𝑁(𝜖) + 𝑀𝑟 ⋁ 𝑔(𝑡2, 𝑠)𝑡2
𝑠=𝑡1

                   (6) 

Thus 𝐹𝑥(∙) ∈ 𝐶𝜔 and the operator 𝐹  is well defined. Let 𝑡 ∈ 𝐽. By the Hahn-Banach theorem, there 

exists  𝜑 ∈ 𝐸∗ such that ‖𝜑‖ = 1, and ‖F𝑥(t)‖ = 𝜑(𝐹𝑥(𝑡)). Then, using the assumptions (𝑖) −

(𝑣𝑖), we have 

‖𝐹𝑥(𝑡)‖ = 𝜑(𝐹𝑥(𝑡)) ≤ |𝜑(𝑝(𝑡))| + |𝜑(∫ 𝑓(𝑠, 𝑥(𝑠))𝑑𝑠𝑔(𝑡, 𝑠)
𝑡

0

)| 

≤ ‖𝑝(𝑡)‖ + ∫ |𝜑 (𝑓(𝑠, 𝑥(𝑠)))| 𝑑𝑠

𝑡

0

(⋁ 𝑔(𝑡, 𝑧)

𝑠

𝑧=0

) 

≤ ‖𝑝(𝑡)‖ + 𝑀𝑟 ∫  𝑑𝑠

𝑡

0

(⋁ 𝑔(𝑡, 𝑧)

𝑠

𝑧=0

) ≤ ‖𝑝(𝑡)‖ + 𝑀𝑟 ⋁ 𝑔(𝑡, 𝑠)

𝑡

𝑠=0

 

≤ ‖𝑝‖0 + 𝑀𝑟𝑠𝑢𝑝𝑡∈𝐽 ⋁ 𝑔(𝑡, 𝑠)𝑡
𝑠=0 ≤ ‖𝑝‖0 + 𝑀𝑟𝐾 = 𝑟. 
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            Then  ‖𝐹𝑥‖0 = 𝑠𝑢𝑝𝑡∈𝐽‖𝐹𝑥(𝑡)‖ ≤ 𝑟.                                                            (7) 

By (6) and (7), hence  𝐹𝑥 ∈ 𝑄 and 𝐹𝑄 ⊂ 𝑄  which prove that  𝐹: 𝑄 → 𝑄. Also 𝐹: 𝑄 → 𝑄 is weakly 

sequentially continuous. To see this, let {𝑥𝑛(𝑡)} be sequence in 𝑄 weakly convergent to  𝑥(𝑡) in 𝐸, 

since 𝑄 is closed we have 𝑥(∙) ∈ 𝑄. Fix 𝑡 ∈ 𝐽, since 𝑓 satisfies (𝑖𝑖), then we have 𝑓(𝑡, 𝑥𝑛(𝑡)) 

converges weakly to 𝑓(𝑡, 𝑥(𝑡)). By the Lebesgue dominated convergence theorem (see assumption 

(𝑖𝑖)) [22], we have for each  𝜑 ∈ 𝐸∗.  𝑠 ∈  𝐽 

𝜑 (∫ 𝑓(𝑠, 𝑥𝑛(𝑠)) 𝑑𝑠𝑔(𝑡, 𝑠)
𝑡

0

) = ∫ 𝜑(𝑓(𝑠, 𝑥𝑛(𝑠)))
𝑡

0

𝑑𝑠𝑔(𝑡, 𝑠) 

→ ∫ 𝜑(𝑓(𝑠, 𝑥(𝑠)))
𝑡

0
𝑑𝑠𝑔(𝑡, 𝑠), ∀ 𝜑 ∈ 𝐸∗, 𝑡 ∈ 𝐽 

Hence 

|𝜑(𝐹𝑥𝑛(𝑡) − 𝐹𝑥(𝑡))| ≤ ∫ |𝜑(𝑓(𝑠, 𝑥𝑛(𝑠)) − 𝑓(𝑠, 𝑥(𝑠)))| 𝑑𝑠𝑔(𝑡, 𝑠) ≤ 𝜖 
𝑡 

0

 

and thus  𝐹  restricted to 𝑄 is a weakly sequentially continuous. 

Put  𝑉 (𝑡): = {𝑥(𝑡): 𝑥(. ) ∈  𝑉 } and  (𝐹𝑉 )(𝑡) ∶= {(𝐹𝑥)(𝑡): 𝑥(. )  ∈  𝑉 }. Suppose that 

𝑉 ⊂  𝑄 such that 𝑉̅ ⊂ 𝑐𝑜𝑛𝑣̅̅ ̅̅ ̅̅ ̅(𝐹(𝑉) ∪ {0}). We will show that 𝑉 is weakly relatively compact. 

Since  𝑄 is bounded and equicontinuous it follows that  𝑉 is also bounded and equicontinuous. Put 

𝑣(𝑡) = 𝛽(𝑉(𝑡)), 𝑓𝑜𝑟  𝑡 ∈  𝐽. 

Obviously 𝑉(𝑡) ⊂  𝑐𝑜𝑛𝑣 ̅̅ ̅̅ ̅̅ ̅(𝐹(𝑉(𝑡)) ∪ {0}), 𝑡 ∈  𝐽. Using the properties of  𝛽 we have 

𝑣(𝑡) ≤  𝛽(𝐹(𝑉)(𝑡) ∪  {0}) = 𝛽 (𝐹(𝑉(𝑡))) , 𝑡 ∈  𝐽. 

As  𝑉 ⊂  𝑄 is equicontinuous, by Lemma 2, the function 𝑡 ↦ 𝑣(𝑡)  is continuous on  𝐽. Fix t∈ J,  

divide the interval [0, 𝑡] into 𝑛 parts 0 = 𝑡0 < 𝑡1 <. . . < 𝑡𝑛 = 𝑡, 𝑡𝑖 − 𝑡𝑖−1 < 𝛿, 𝑖 = 1,2,3, . . . , 𝑛. 

Put 𝑇𝑖 = [𝑡𝑖−1, 𝑡𝑖]. In view of Lemma 2 it follows that for each 𝑖 ∈  [1,2, . . . , 𝑛] there exists 𝜏𝑖 ∈

 𝑇𝑖 such that 

𝛽(𝑉(𝑇𝑖)) = 𝑣(𝜏𝑖), 𝑖 = 1, . . . , 𝑛. 

By the mean value theorem, we have 

𝐹𝑥(𝑡) =  𝑝(𝑡) +  ∫ 𝑓(𝑠, 𝑥(𝑠)) 𝑑_{𝑠}𝑔(𝑡, 𝑠)
𝑡

0

≤ ∑ ∫ 𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠𝑔(𝑡, 𝑠)
𝑇𝑖

𝑛

𝑖=1

 

∈ 𝑝(𝑡) + ∑ 𝜇(𝑔(𝑡, 𝑇𝑖)) 𝐶𝑜𝑛𝑣̅̅ ̅̅ ̅̅ ̅{𝑓(𝑠, 𝑥(𝑠))

𝑛

𝑖=1

∶ 𝑥 ∈  𝑉, 𝑠 ∈  𝑇𝑖} 
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∈ 𝑝(𝑡) + ∑[𝑔(𝑡, 𝑡𝑖) − 𝑔(𝑡, 𝑡𝑖−1)] 𝐶𝑜𝑛𝑣̅̅ ̅̅ ̅̅ ̅ 𝑓(𝑇𝑖 × 𝑉(𝑇𝑖))

𝑛

𝑖=1

 

⊂ 𝑝(𝑡) + ∑[𝑔(𝑡, 𝑡𝑖) − 𝑔(𝑡, 𝑡𝑖−1)] 𝐶𝑜𝑛𝑣̅̅ ̅̅ ̅̅ ̅ 𝑓(𝐽 × 𝑉(𝑇𝑖))

𝑛

𝑖=1

 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥 ∈ 𝑉 

Hence  

𝐹𝑉(𝑡) ⊂ 𝑝(𝑡) + ∑[𝑔(𝑡, 𝑡𝑖) − 𝑔(𝑡, 𝑡𝑖−1)] 𝐶𝑜𝑛𝑣̅̅ ̅̅ ̅̅ ̅ 𝑓(𝐽 × 𝑉(𝑇𝑖))

𝑛

𝑖=1

 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥 ∈ 𝑉  

by using the properties of the measure of weak noncompactness 𝛽 we obtain 

𝛽(𝐹𝑉)(𝑡) ⊂ ∑[𝑔(𝑡, 𝑡𝑖) − 𝑔(𝑡, 𝑡𝑖−1)] 𝛽( 𝑓(𝐽 × 𝑉(𝑇𝑖))

𝑛

𝑖=1

)  

           ≤ ∑ [𝑔(𝑡, 𝑡𝑖) − 𝑔(𝑡, 𝑡𝑖−1)] ℎ( 𝛽(𝑉(𝑇𝑖))𝑛
𝑖=1  

≤ ∑[𝑔(𝑡, 𝑡𝑖) − 𝑔(𝑡, 𝑡𝑖−1)] ℎ( 𝑣(𝜏𝑖))

𝑛

𝑖=1

 

Letting 𝑛 → ∞ we deduce that 

𝛽(𝐹𝑉)(𝑡) ≤ ∫ ℎ(𝑣(𝑠))  𝑑𝑠𝑔(𝑡, 𝑠), 𝑡 ∈ 𝐽 
𝑡

0

 

𝑣(𝑡) ≤ ∫ ℎ(𝑣(𝑠))  𝑑𝑠𝑔(𝑡, 𝑠)
𝑡

0
,   𝑡 ∈ 𝐽 

The condition 𝐴2)    implies that the integral inequality above has only trivial solution, i.e. 

𝛽(𝐹𝑉(𝑡)) = 0, 𝑡 ∈  𝐽. Thus, 𝑉(𝑡) is weakly relatively compact in 𝐸.  Consequently, Ascoli's 

theorem proves that  𝑉 is relatively compact in 𝑐𝜔. Since all conditions of Theorem 1 are satisfied, 

then the operator  𝐹 has at least one fixed point 𝑥(. ) ∈  𝑄 and the nonlinear Stieltjes integral 

equation (1) has at least one weak solution 𝑥(∙) ∈  𝑐𝜔.                                                      

3. Volterra integral equation of fractional order 

In this section we show that the Volterra integral equation of fractional order 

    𝑥(𝑡) = 𝑥0 + ∫
(𝑡−𝑠)𝛼−1

𝛤(𝛼)

𝑡

0
𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠, 𝑡 ∈  𝐼                                                        (8) 

can be considered as a special case of the Volterra-Stieltjes integral equation (1). 

First, consider, as previously, that the function 𝑔(𝑡, 𝑠) = 𝑔: Ʌ →  𝑅. Moreover, we will assume that 

the function  𝑔 satisfies the following condition 

(𝑣′) For 𝑡1, 𝑡2 ∈  𝐽, 𝑡1 < 𝑡2, the function 𝑠 →  𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠) is nonincreasing on [0, 𝑡1]. 
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Now, we have the following lemmas which proved by Banas et al. [7] 

Lemma 6:  Under assumptions (𝑣′)  and (vi), for any fixed 𝑠 ∈  𝐽, the function 𝑡 →  𝑔(𝑡, 𝑠) is 

nonincreasing on [𝑠, 1]. 

Lemma 7:  Under assumptions (iii), (𝑣′) and (vi), the function 𝑔 satisfies assumption (v). 

Consider the function  𝑔  defined by 

                         𝑔(𝑡, 𝑠) =
𝑡𝛼−(𝑡−𝑠)𝛼

𝛤(𝛼+1)
                                                                     (9) 

Now, we show that the function 𝑔 satisfies assumptions (iii), (iv), (𝑣′) and (vi). Clearly that the 

function 𝑔 satisfies assumptions (iii) and (vi). Also, we get 

𝑑𝑠𝑔(𝑡, 𝑠) =
(𝑡 − 𝑠)𝛼−1

𝛤(𝛼)
> 0 

for 0 ≤  𝑠 < 𝑡. This implies that 𝑠 →  𝑔(𝑡, 𝑠) is increasing on [0, 𝑡] for any fixed 𝑡 ∈  𝐽. Thus the 

function 𝑔 satisfies assumption (iv). 

To show that 𝑔 satisfies assumption (𝑣′), let us fix arbitrary 𝑡1, 𝑡2 ∈  𝐽, 𝑡1 < 𝑡2. Then we get 

𝐺(𝑠) = 𝑔(𝑡2, 𝑠) − 𝑔( 𝑡1, 𝑠) =
𝑡2

𝛼 − 𝑡1
𝛼 − (𝑡2 − 𝑠)𝛼 + (𝑡1 − 𝑠)𝛼

𝛤(𝛼 + 1)
, 

define on  [0, 𝑡1]. Thus 

𝐺′(𝑠) =
(𝑡2 − 𝑠)𝛼−1 − (𝑡1 − 𝑠)𝛼−1

𝛤(𝛼)
=

1

𝛤(𝛼)
[

1

(𝑡2 − 𝑠)1−𝛼
−

1

(𝑡1 − 𝑠)1−𝛼
] 

Hence 𝐺′(𝑠) < 0  𝑓𝑜𝑟  𝑠 ∈ [0, 𝑡1). This means that 𝑔 satisfies assumption (𝑣′). And the 

function 𝑔 satisfies assumptions (iii)-(vi) in Theorem 2. 

Hence, the equation (8) can be written in the form 

𝑥(𝑡) = 𝑥0 + ∫ 𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠𝑔(𝑡, 𝑠)
𝑡

0

 

Now, we estimate the constants 𝐾, 𝑁(𝜖) used in our proof. To see this, since the function 𝑠 →

 𝑔(𝑡, 𝑠) is nondecreasing on [0, 𝑡] for any fixed 𝑡 ∈  𝐽. Then we have 

⋁ 𝑔(𝑡, 𝑠)

𝑡

𝑠=0

= 𝑔(𝑡, 𝑡) − 𝑔(𝑡, 0) = 𝑔(𝑡, 𝑡) =
𝑡𝛼

𝛤(𝛼 + 1)
, 

and 

⋁(𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠))

𝑡1

𝑠=0

= ∑ |[𝑔(𝑡2, 𝑠𝑖) − 𝑔(𝑡1, 𝑠𝑖)] − [𝑔(𝑡2, 𝑠𝑖−1) − 𝑔(𝑡1, 𝑠𝑖−1)]|
𝑛

𝑖=1
 

= ∑ {[𝑔(𝑡2, 𝑠𝑖−1) − 𝑔(𝑡1, 𝑠𝑖−1)] − [𝑔(𝑡2, 𝑠𝑖) − 𝑔(𝑡1, 𝑠𝑖)]}
𝑛

𝑖=1
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= 𝑔(𝑡1, 𝑡1) − 𝑔(𝑡2, 𝑡1) =
1

𝛤(𝛼 + 1)
[𝑡1

𝛼 − 𝑡2
𝛼 + (𝑡2 − 𝑡1)𝛼]. 

Thus 

𝐾 = sup {⋁ 𝑔(𝑡, 𝑠)

𝑡

𝑠=0

, 𝑡 ∈ 𝐽} =
𝑇𝛼

𝛤(𝛼 + 1)
 

𝑁(𝜖) = sup {⋁(𝑔(𝑡2, 𝑠) − 𝑔(𝑡1, 𝑠))

𝑡1

𝑠=0

: 𝑡1, 𝑡2 ∈  𝐼, 𝑡2 >  𝑡1, 𝑡2 − 𝑡1 ≤ 𝜖} 

=
1

𝛤(𝛼 + 1)
[𝑡1

𝛼 − 𝑡2
𝛼 + (𝑡2 − 𝑡1)𝛼]. 

Since 

⋁(𝑔(𝑡2, 𝑠)) =

𝑡2

𝑠=𝑡1

𝑔(𝑡2, 𝑡2) − 𝑔(𝑡2, 𝑡1) =
1

𝛤(𝛼 + 1)
[𝑡2

𝛼 − (𝑡2 − 𝑡2)𝛼 − 𝑡2
𝛼 + (𝑡2 − 𝑡1)𝛼] 

=
(𝑡2 − 𝑡1)𝛼

𝛤(𝛼 + 1)
 

Then 

𝑄 = {𝑥 ∈ 𝐶𝜔: ‖𝑥‖0 ≤ 𝑟, ‖𝑥(𝑡2) − 𝑥(𝑡1)‖ ≤ ‖𝑝(𝑡2) − 𝑝(𝑡1)‖ +
𝑀𝑟

𝛤(𝛼 + 1)
[|𝑡1

𝛼 − 𝑡2
𝛼| + 2(𝑡2 − 𝑡1)𝛼]} 

Since the fractional integral equation (8) is a special case of the equation (1) and by the above 

properties of the function  𝑔, 𝑝(𝑡) = 𝑥0 we can apply Theorem 2 to formulate the following 

Corollary concerning the fractional integral equation (8) 

Corollary 1:  Under the assumption (ii), if 

              (𝑓(𝐽 ×  𝑋)) ≤  ℎ(𝛽(𝑋))β  

for each  X ⊂  B𝑟 , J ⊂  I, such that 𝐽 = [0, 𝑇], 𝑇 = 𝑚𝑖𝑛{𝑎, (
𝑟𝛤(𝛼+1)

𝑀𝑟
)

1

𝛼}, then there exists at least one 

weak solution 𝑥(. ) ∈  𝐶𝜔for the fractional integral equation (8) in the nonreflexive Banach space 𝐸. 

The Volterra integral equation 

                   𝑥(𝑡) = 𝑥0 + ∫ 𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠, 𝑡 ∈  𝐼
𝑡

0
                                                     (10) 

can be considered as a special case of the Volterra-Stieltjes integral equation (1), by consider that 

the functions 𝑔 (𝑡, 𝑠) = 𝑠, 𝑝(𝑡) = 𝑥0. 

Corollary 2:  Under the assumption (ii), if 

  (𝑓(𝐽 ×  𝑋)) ≤  ℎ(𝛽(𝑋))β  
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for each  X ⊂  B𝑟 , J ⊂  I, such that  𝐽 = [0, 𝑑], 𝑑 = 𝑚𝑖𝑛{𝑇,
𝑟

𝑀𝑟
}, then there exists at least one weak 

solution 𝑥(∙) ∈  𝐶𝜔for the fractional integral equation (10) in the nonreflexive Banach space 𝐸. 

4. Initial Value Problems 

 As an application for the existence of weak solutions to fractional differential equations in 

Banach spaces. Since, a Riemann pettis integrable function is sometime called a weakly Riemann 

integrable function. Also, every weakly continuous function from 𝐼 into 𝐸 is Riemann pettis 

integrable on 𝐼 (see [23]). It is easy to see that every Riemann Pettis integrable function is Pettis 

integrable. Thus, the function  𝑥(∙) ∈  𝐶𝜔is a solution of the fractional integral equation (8) if and 

only if 𝑥(∙) is a solution of the problem (2). 

Corollary 3 [14]: Under the assumption (ii), if 

  (𝑓(𝐽 ×  𝑋)) ≤  ℎ(𝛽(𝑋))β  

for each  X ⊂  B𝑟 , J ⊂  I, such that 𝐽 = [0, 𝑇], 𝑇 = 𝑚𝑖𝑛{𝑎, (
𝑟𝛤(𝛼+1)

𝑀𝑟
)

1

𝛼}, then there exists at least one 

weak solution 𝑥(. ) ∈  𝐶𝜔for the Cauchy problem (2) in the nonreflexive Banach space 𝐸. 

Finally, for the Cauchy problem (3) in Banach spaces. A function  𝑥(. ) ∈  𝐶𝜔 is a weak solution of 

the Volterra integral equation (10) if and only if 𝑥 is a solution of the Cauchy problem (3). By the 

equivalent between them. 

Corollary 4 [20]: Under the assumption (ii), if 

  (𝑓(𝐽 ×  𝑋)) ≤  ℎ(𝛽(𝑋))β  

for each  X ⊂  B𝑟 , J ⊂  I, such that  𝐽 = [0, 𝑑], 𝑑 = 𝑚𝑖𝑛{𝑇,
𝑟

𝑀𝑟
}, then the problem (3) has at least one 

weak solution 𝑥(. ) ∈  𝐶𝜔 in the nonreflexive Banach space 𝐸. 

Corollary 5: [9] If 𝐸 is a reflexive Banach space, and 𝑓 is weakly-weakly continuous, then there 

exists at least one weak solution 𝑥(. ) ∈  𝐶𝜔of (3) on  𝐼. 

5. Conclusion 

 This research successfully established a more general existence theorem for weakly continuous 

solutions of the Volterra-Stieltjes integral equation (1) in nonreflexive Banach spaces. This work 

provides a rigorous theoretical foundation for analyzing the existence of weakly continuous 

solutions for a broad class of integral and differential equations within the challenging framework 

of nonreflexive Banach spaces. It employs a powerful fixed-point technique together with the 

measure of weak noncompactness. Future research could explore the following avenues : 

• Numerical and computational methods 

• Uniqueness and stability analysis 

• Alternative fixed-point theories 
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